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Alice s Bob each have an input
r

, ,
ra respectively

& want to compute f Cri , ra )
with min A- of bits eonrunicated

.

Intuitively ,if we have a streaming alg
with space s bits

,
I a commie

.

protocol in which Alice sends the

S bits 8 Bob on s o ra outputs
the answer .

So if can show a reduction from
a communication problem to a streaming
problem ,

s have a lower bound for
comnuuic . problem then have lower bound

for the amount of space of streamingproblem .



Some basic communication complexity :
2 for more parties ) cooperate to

compute f on their inputs .

Say f : Xxy → So."
any,

Alice gets input x ex

Bob
y C- Y

Goal : output fix, y) with min amount of
bits exchanged .

slice → Bob
x c- y

l communion
.

is

→ expensive )
'

Time / space→ .

fix ,y)
don'tmatter

.

Trivial : min{bag 1×1 , log 141 It '
( send entire msg )

want : sublinear in r



Parties follow a protocol .

repteseuted by a binary
Msgr; X → go.cz .

decision tree
.
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leaves
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= flag )

uty) → outcome of protocol I ou
XI

Def : I computes t if ont -fixed
it x

, y C- Xxy



Cost of protocol it : worst case * of bits
communicated over all inputs .

Types of protocols .

• deterministic : Dcf) : min cost of a

protocol that is
correct on every

° Randomized :

input .

- private coin - players have private
rand bits

• public coin - players use a public
string of random bits

t
stronger version

( usual notion of randomized
protocol here



Def : IT computes f with error or if
they) C- Xx y

Pr[ out 't G. y ;
R ) t-flx.yf.ES .

R F

Def : Rg Cf ) is the win cost of a
o -error protocol for f .

Claim ;
t 028243

Rg Cf ) -- OCR
,
tf ) )

Def : I
'

Cf )

Ecf , 7
oneway protocols .

Alice only talks .

Dk Cf ) ; Rk Cf ) K - round communicate
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Basic Obstructions :

① Raff ) E D Cf ) E min log HI , loglyl
⑦ Bff ) E Dt Cf )

,

tf k > o

T

③ Rcf ) E
R''Cf ) e Relf )
t k 31 .

Specific com . problems :

p
Alice
→ Bob

•
⇐

%4÷÷=s :
DLEQN ) > N

pi priv = Of logN )



• INDEX pm Bob

IND (x
,
i ) = Xi

N

egotism ↳
EIN]

one
way

BLIND ) 7N
N

R'' ( iNDµ ) > RCN ) ; RliNDNZA.CN )

DZCIDX ) e tog N

{
→

scharrectsofsef ,
Atia → Bob

.

• Disyncx , y )
= I if xny - ol

L NI o ow
C- 8913

R(Disyµ ) > RCN ?



Claim : I citsxn ) > N

Pf : Alice- Bob
.

× Msg Cx) j

? Xj

Deterministic : Bob
,
no matter what

'

j EN he has
,
must recover xj from

mcx)
, exactly .

Alice has 2N
many msgs .

X

Bob needs to recover every bit of
X from mfx) . So Bob can recover x from

msgcx? Bobcmsgcx ))

x → msg Cx )→ ×

So both mappings are a - I s onto .

How many msg can be
sent of length LN



N
2N-

'

t 2N
- Zt

- - t 2 ti = 2N- 122 ←

So if I protocol of length EN - l

fue . msg
wouldn't be a bijection .

Contradiction )

-

claim . TIP"YEan7 . Oflag N )
Alice Bob

msgksr )
x → y
r

EQNCX,y7=f×=y ? I

Pf , Alice
,
Bob can view their inputs

as polys :

x → R, Ct ) =Exit
'

IEN]

Y → Py Ct ) = Eyiti



Px , Py E Fft]← they agree on

beforehand .

Alice picks rand r ← IF

send r
, R, Cr )

to Bob
.

Bob compares pycr ) with Rdr)

Tt
'
=

"

output 1
else out. o

* bits communicated

Irl t I Cr ) l

"

log IFI t vlog IFI = 26g IN
A

pr[error -- 2
.

]
.

Oflag N )



My pg [ p×Cr7 -

- Pylr 5) ⇐ Yep , ,
IF I = 20N

or IFI = NZ
-

Ewingcommunication
.

Matrix conjecture

× am: In:&::.
If if C = X' x yl
-

y
' X' EX

, y
'

Ey

Def :C is monochromatic art f tf
fcxiy)

-

- f G' i y
'

7 t

?} , EC .

Def > Let off ) be min #of monochrome . rectangles
that can partition Mf .
Thin :D Cf ) s, log C d

'
Ct ) )

.



*
Thin : f : Xx y → go ,

i 3

Dcf ) 3 log ( rank (Mf ) )

claim : feet l be a leaf of the decisiontree probate

Let Ce = g Cx
, y ) whose transcript ends

at e }

Then Ce is a combinatorial rectangle :

H Cx
, y JE Ce

( x
'

cy's Ece
I * ' Y ) C- Ce .

Cx
, y

'

)

Thy a D Cf ) NP hard to compute

• Big conj : Dcf) = Of poly log rank Mf)

Lovett : Dff) = Of Tanking. .bg rankMf )
T



Thin : Am single -pass def algorithm for deciding
if a graph on n vertices has a perfect matching

needs Rar) bits of memory .

Stream
If .

→
→µ

→

9

DCIDXNCX , i ) ) - RCN ) ←

Rci Dxnfx , i )) -- RCN )
I

Given x -

Y M
i e

- -

A -
- A

-

n

Alice gets
f

,

Bob gets Ci
, j )

Rfid Xn ( x, i ) ) = R Cn' )
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(m) ( n )
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G

Em : Mci , ;) -- i iff G has a perfect

matching - V

G. Stream Alice 's before Bob 's edges .

Can come up with protocol in which Alice sends



memory content
to Bob as soon as

her stream of edges was processed .

So
, if can solve streaming problem
in 01h27 space then

can solve IN Dna problem wi

of NZ ) bits communicated
,
a contradiction!

Thin : Any streaming deterministic one- pass

approx alg for shortest Pathan ) with

approx factor I 5g uses RCM) space .

Pt : Reduce from IBXCM
,
i
,
j ) .

Alice's edges ,

nxn

O 02
Bob 's eds

.

I Mci ,j ) at
a

O_0 ,

°
w

r t i '

X '

Beobdglses On G One



Use the streaming alg with oh's space
to compute 5g approx for DC Yunis

output S .

Stream Alice's edges before
Bob 's * In the cc protocol Alice sends her

memory content to Bob .

If Mciij 3=1 then dcr
,
w) =3

ow d Cr
,
w ) 35

(could be a )

3 ? s ?

Use outputs
FEM

to decide whether

s s edge C. j ) exists .

If S < 5 output iDxCM ,
7=1

ow output i DX CM
, in

'

ko

( Indeed
, if opt =3 ⇒ S E 5

OW . S > OPT = 5 7
So

,
can solve in Dna in our ) .

Contradiction .


