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Non-Context-Free Languages Revisited

How does one compute the language
?

Answer 1: Use two stacks! (2PDA; see homework)
Answer 2: Actually store . 

This requires a memory that can be arbitrarily accessed.
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Single-Tape Turing Machine

A Turing machine (TM) is a 7-tuple ଴ ୟୡୡ ୰ୣ୨ where:
is a finite set of states;
is a finite set of symbols (alphabet);

␣ is another finite set of symbols (tape alphabet);
is the transition function:

- Initial state ଴, accepting state ୟୡୡ, rejecting state ୰ୣ୨ ୟୡୡ.

current state

current tape symbol

new state
new tape symbol

head movement
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Single-Tape Turing Machine

On input ଵ ௡
∗:

• The tape is initialized to contain in consecutive cells, with the head 
pointing at ଵ; the state is ଴;

• At every step, if the state is and the cell pointed by the head 
contains symbol and ᇱ ᇱ :
- The new state is ;
- The cell pointed by the head rewrites the symbol to ;
- The head moves one cell in direction 

• The computation halts if the state is ୟୡୡ (accept) or ୰ୣ୨ (reject).



଴: record the first symbol

଴ ௔ ␣

଴ ௕ ␣

଴ ␣ ୟୡୡ ␣

Example: Palindrome
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௔ ௕: find the last unmatched symbol
௔ ௔

௔ ௔

௔ ␣ ௔
ᇱ ␣

Example: Palindrome
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௔



௔
ᇱ

௕
ᇱ : check if the last symbol matches with the first symbol

௔
ᇱ

ଵ ␣

௔
ᇱ

୰ୣ୨

௔
ᇱ ␣ ୟୡୡ ␣

Example: Palindrome

␣␣␣␣␣

௔
ᇱ



ଵ: find the first remaining symbol
ଵ ଵ
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ଵ: find the first remaining symbol
ଵ ଵ

ଵ ଵ

ଵ ␣ ଴ ␣

Example: Palindrome

␣␣␣␣␣␣

଴
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Example: Repeated Strings

Stage 1: Check the input has even length 
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Example: Repeated Strings

Stage 1: Check the input has even length 
Stage 2: Find the -th symbol
Repeat Stage 3: Match the symbols in the second half with the first half
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Example: Binary Addition

Stage 1: Check the input is of form ∗ ∗ ∗

Repeat Stage 2:
- Find the last in and the corresponding bit in 
- Set the to in and add the to (set to )

Stage 3: Check 

␣

ଷ



Single-Tape Turing Machine

The language accepted/recognized by a Turing machine is
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Single-Tape Turing Machine

The language accepted/recognized by a Turing machine is

and we say the language is recognizable. In this case does not 
necessarily halt on inputs .

If halts on every input in ∗, we say decides/computes the language 
: is a decider, and is decidable/computable.



Single-Tape Turing Machine

We can define a partial function ∗ for Turing machine :

When is a decider, is a total function.



Configurations

A configuration of Turing machine is a snapshot of at a certain step.

We can express a configuration using a string :
is the current tape content (minus leading and following ␣)

is the current state
- the head points at the first symbol of 

␣␣␣␣

଴

configuration: ଴
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Configurations

The execution of can be expressed as a sequence of configurations:

where ଴ ଴ and ௜ yields ௜ାଵ: if ௜ then

௜ାଵ
ᇱ ᇱ , if ᇱ ᇱ

௜ାଵ
ᇱ ᇱ , if ᇱ ᇱ
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Closure Properties

Are recognizable languages closed under intersection?

Idea: ଵ ଶ if and only if both ଵ and ଶ accepts .
Can we first run ଵ and then ଶ ?

We can save a copy of the input by using .

␣␣␣␣␣␣␣

␣␣␣␣


