
CS 483 - Introduction to the 
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Lecture 16



More Undecidable Languages

Recall that Turing machine accepts if and only if there exists a 
sequence of configurations ଴ ଵ ଶ ௧ (called computation history) 
such that:

଴ is the initial configuration ଴

௧ is an accepting configuration (contains ୟୡୡ)

௜ yields ௜ାଵ: if ௜ then
௜ାଵ

ᇱ ᇱ , if ᇱ ᇱ

௜ାଵ
ᇱ ᇱ , if ᇱ ᇱ



More Undecidable Languages

Theorem. ୔ୈ୅
∗ is coRE-complete.
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Theorem. ୔ୈ୅
∗ is coRE-complete.

Proof. ୔ୈ୅ coRE because
୔ୈ୅

∗

while ୔ୈ୅ is decidable. 

To prove coRE-hardness, we will show ୘୑ ୫ ୔ୈ୅.



More Undecidable Languages

Let ெ,௪ be the language:

଴ ଵ
ோ

ଶ ଷ
ோ

௧ ଴ ௧

which can be computed by a PDA ெ,௪ that nondeterministically 
accepts if any of the following conditions holds:

௜ is not a valid configuration for some 
଴ ଴

௧ does not contain ୟୡୡ

௜ does not yield ௜ାଵ for some 

Then ୘୑ ெ,௪ ୔ୈ୅.
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Post Correspondence Problem

Theorem. The Post Correspondence Problem ( ) is RE-complete.

We will show that ୘୑ ୫ . Intuitively, in we want pairs:

଴

଴

ଵ

ଵ

ଶ

௧ିଵ

௧

௧



Post Correspondence Problem

Theorem. The Post Correspondence Problem ( ) is RE-complete.

We will show that ୘୑ ୫ . Intuitively, in we want pairs:

Problems: - The number of pairs ᇱ that yields ᇱ is not finite.
- Need to ensure every match corresponds to a history.

଴

଴

ଵ

ଵ

ଶ

௧ିଵ

௧

௧
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Post Correspondence Problem

Transitions: for every 

ᇱ ᇱ

ᇱ ᇱ

Untouched cells: for every ,

Initial and accepting 
configuration:

(assume that clears the tape when accepting)

if ᇱ ᇱ

if ᇱ ᇱ
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Transitions: for every 

ᇱ ᇱ

ᇱ ᇱ

Untouched cells: for every ,

Initial and accepting 
configuration:

 

଴
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Post Correspondence Problem

Transitions: for every 

Untouched cells: for every ,
 !

!

Initial and accepting 
configuration:

 

଴

ୟୡୡ

 
(assume that clears the tape when accepting)

if ᇱ ᇱ

if ᇱ ᇱ

␣ ␣

␣

 #

␣

 #

ᇱ ᇱ

ᇱ ᇱ



Post Correspondence Problem

Transitions: for every 
 ! ! !

! ᇱ! ᇱ!

 ! ! !

ᇱ! ! ᇱ!

Untouched cells: for every ,
 !

!

Initial and accepting 
configuration:

 

 ! ! ଴! ! !

 ! ! ୟୡୡ! !

 
(assume that clears the tape when accepting)

if ᇱ ᇱ

if ᇱ ᇱ

 !

!

 !

␣! !

 !

!␣!

 !␣!

 #!

 ! !␣

 #!

 !

!

 ! ! ௧ିଵ
ᇱ !

! ௧
ᇱ! !



Post Correspondence Problem

If , there exists a match that looks like:

and every match must look like one above which implies .

Therefore .

 

 ! ! ଴
ᇱ! !

 ! ! ଴
ᇱ!

! ଵ
ᇱ! !

 ! ! ଵ
ᇱ!

! ଶ
ᇱ! !

 ! ! ௧ିଵ
ᇱ !

! ௧
ᇱ! !

 ! ! ௧
ᇱ! !
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General Grammars

Recall that in general, a grammar have production rules

where ∗ ∗ and ∗.

Lemma. Given a Turing machine , there is a grammar ெ such that 
ெ , and the map ெ is computable.

Corollary 1. RE if and only if is generated by a grammar.

Corollary 2. ୋ is RE-complete.



General Grammars

Let ெ where , and contains:

if ᇱ ᇱ

if ᇱ ᇱ

␣ ␣
␣
␣



Chomsky Hierarchy

All languages

Context-free
languages

Regular 
languages

Grammar

Regular grammar

Context-free grammar

Computation

Pushdown automaton

Finite automaton

Arbitrary grammar Turing machineRE languages


