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Problems Outside RE

For RE, ୫ holds, meaning that is no harder than .

For RE, ୫ holds. Does it mean that is harder than ?

Example 1:

RE. But deciding is equivalent to deciding .

Example 2:

RE coRE. But if you can decide , 

you can also decide .



Turing Reductions

We call this more general type of reductions Turing reductions.

Problem can be Turing reduced to problem , if we can use the 
solutions to problem as subroutines to solve problem .

To formally define Turing reductions, we need to define what are 
subroutines.



Oracle Turing Machine

Let be a language. An oracle Turing machine ை with oracle is a 
Turing machine augmented with:
- A special state ୯୳ୣ୰୷ ;

- Two special tapes: query tape and oracle answer tape. 
- Whenever ை enters ୯୳ୣ୰୷ state, in the next transition it writes

on the oracle answer tape, where is the content on the query tape.
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Turing Reductions

A Turing reduction from language to is an oracle Turing machine ஻

that decides . In this case we write ୘ .

Example. ୘

Description of the oracle machine ୌ୅୐୘
ଵ ଵ ଶ ଶ :

- Query the oracle if ଵ ଵ , obtain answer ଵ

- Query the oracle if ଶ ଶ , obtain answer ଶ

- Accept if ଵ and ଶ ; otherwise reject.



Turing Reductions

A Turing reduction from language to is an oracle Turing machine ஻

that decides . In this case we write ୘ .

Example. ୘୑ ୘

Description of the oracle machine ୌ୅୐୘ :

- Query the oracle if ;

- If not then reject;
- Otherwise, run and accept or reject accordingly.
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Turing Reductions

Theorem. If ୘ and is decidable, then is also decidable.

(I.e., R is closed under Turing reductions)

(RE is NOT closed under Turing reductions, as seen in ୘ )

Let ஻ be a Turing reduction from to . 

We can decide by running ஻ on the input. Every time it makes a 
query to , run the decider for to answer the query.
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Turing Reductions

Theorem. If ୫ then ୘ .

(I.e., Turing reduction is more general than mapping reduction)

Let be the mapping reduction from to . 

A Turing reduction ஻ could be:

- Compute ;

- Query the oracle if . If so accept, otherwise reject.
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Relativization

Given an oracle , we define

R

RE

In general, but NOT formally:
For a class of languages (defined using Turing machines) and oracle , 
we use ை to denote the class defined similarly but using oracle Turing 
machines with oracle .
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Relativization

Given an oracle , we define

R

RE

In other words, R is the class of decidable languages relative to , and
RE is the class of recognizable languages relative to .

In another world where deciding is trivial, 
R and RE are their R and RE.

No.
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Relativization

Is it possible that R ALL for some oracle ?

No, because R is still countable:
Every oracle Turing machine can be described as 

଴ ୟୡୡ ୰ୣ୨ ୯୳ୣ୰୷

and therefore has a finite-length binary encoding.
So the set of all oracle Turing machines is countable.
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Relativization

Examples of undecidable languages relative to :
ை ை ை ை ை

ସ
ை

ଷ
ை

ଶ
ை

ଵ
ை

଴
ை

01110଴
ை

ଵ
ை

110ଶ
ை

00ଷ
ை

0100ସ
ை

11011

List of all oracle
Turing machines
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Relativization

Examples of undecidable languages relative to :
ᇱை ை ை ை ை

By closure properties: 

R is closed under complement and intersection (why?), and
ை ை ᇱை



Relativization

Examples of undecidable languages relative to :

୘୑
ை ை ை ை

By reduction: R is closed under mapping reductions (why?), and we 
can show that ᇱை

୫ ୘୑
ை :

Let ை ை ை . Then is computable and 
ை ᇱை ை ை

୘୑
ை
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We can also show ୘୑
ை

୫
ை for
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Relativization

We can also show ୘୑
ை

୫
ை for

ை ை ை ை

therefore R .

The proofs are essentially the same as the ones without oracles, and 
these results are true no matter what the oracle is. 

So we say that the statements, such as “halting problem is undecidable” 
(and their proofs) relativize.



Relativization

Many of the results we proved and will prove in this course relativizes.

However, relativization is NOT automatically true, and you should never
assume any statement relativizes without a proof.

Instead, relativization is helpful for understanding why some proof 
techniques work and some do not (we will see examples in future 
lectures).


