
CS 483 - Introduction to the 
Theory of Computation

Lecture 2



Operations on Languages

Recall that a language is a set of strings over the alphabet.

Consider two languages , on the same alphabet,
• Union: 

• Concatenation: 

• Kleene star: 
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Regular Expressions (Regex)

A regular expression is a combination of operations and basic languages.

Formally, a regular expression is one of followings:
- (empty set)
- (empty string)
- Any symbol from the alphabet 
- ଵ ଶ, where both ଵ and ଶ are regular expressions
- ଵ ଶ (shorthanded as ଵ ଶ), where both ଵ and ଶ are regular expressions
- ∗, where is a regular expression
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Regular Expressions (Regex)

Every regular expression naturally corresponds to a language.

For instance, on alphabet :
-
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Regular Expressions (Regex)

The standard (POSIX) Regexes are essentially the same as the regular 
expressions we defined here.

For instance, the regex for all integers:
^-?[0-9]+$

can be equivalently expressed as



Equivalence of Regex and DFA

Theorem. A language can be expressed as a regex if and only if it is 
regular (i.e., it can be computed by a DFA).



Equivalence of Regex and DFA

Theorem. A language can be expressed as a regex if and only if it is 
regular (i.e., it can be computed by a DFA).

We need to prove both directions:
• For every regular language , we can express it as a regex;
• For every regex, we can construct a DFA that computes it.
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Task: Given a DFA , construct a regex for .

Idea:

How do we systematically describe all the 
paths when can be arbitrary?
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From DFA to Regex

Task: Given a DFA , construct a regex for .

Idea:

How do we systematically describe all the 
paths when can be arbitrary?

Dynamic programming!

𝑞଴

𝑞ଵ

𝑞ଶ

𝑞ଷ



From DFA to Regex

Define .
Each is a regex which is a union of symbols, 

e.g. ,   ,   ,   

𝑞଴

𝑞ଵ

𝑞ଶ

𝑞ଷ
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Define .

Define as the regex that corresponds to paths from to that
goes through only states in , then:
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From DFA to Regex

Define .

Define as the regex that corresponds to paths from to that
goes through only states in , then:
- ,
-

if the path does not 
go through ௞

𝑞଴

𝑞ଵ

𝑞ଶ

𝑞ଷ



From DFA to Regex

Define .

Define as the regex that corresponds to paths from to that
goes through only states in , then:
- ,
-

if the path goes through ௞, so it must be
௜ ௞ ௞ ௞ ௝

𝑞଴

𝑞ଵ

𝑞ଶ

𝑞ଷ



From DFA to Regex

Define .

Define as the regex that corresponds to paths from to that
goes through only states in , then:
- ,
-

- is the union of for 
𝑞଴
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From DFA to Regex

Define .

Define as the regex that corresponds to paths from to that
goes through only states in , then:
- ,
-

- is the union of for 

The idea is the same as Floyd-Warshall.

𝑞଴

𝑞ଵ

𝑞ଶ

𝑞ଷ



From Regex to DFA

Task: Given a regex , construct a DFA such that .

Idea: Since regexes are recursively defined, we should use induction (for 
example, on the length of ).



From Regex to DFA: Base Cases

- If :

- If :

- If for some :

𝑞ଵ𝑞଴

𝑞଴

𝑞ଶ𝑞ଵ𝑞଴



From Regex to DFA: Union

Suppose that is computed by and is computed by . 
How to construct a DFA that computes ?

𝑞ଵ𝑞଴

𝑞ଶ𝑞ଵ𝑞଴

ଶ:

ଵ:
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From Regex to DFA: Union

Suppose that is computed by and is computed by . 
How to construct a DFA that computes ?

𝑞ଵ

𝑞଴

𝑞ଶ𝑞ଵ𝑞଴

𝑞଴,଴ 𝑞ଵ,଴ 𝑞ଶ,଴

𝑞଴,ଵ 𝑞ଶ,ଵ𝑞ଵ,ଵ

simulates ଵ and ଶ

in parallel.



From Regex to DFA: Union

Formality, let and .

We define where:

- ଵ ଶ

- ଵ ଶ ଵ ଵ ଶ ଶ

- ଴ ଴
(ଵ)

଴
(ଶ)

- ଵ ଶ ଵ ଶ



From Regex to DFA: Union

Proof for :

For input , suppose the execution sequences of and 
on are the states:

Then the execution sequence of on is exactly (by the 
definition of ). 
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From Regex to DFA: Union

Proof for :

For input , suppose the execution sequences of and 
on are the states:

Then the execution sequence of on is exactly (by the 
definition of ). So

.


