
CS 483 - Introduction to the 
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Long answer: We will prove the following language

is not regular.
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Non-regular languages

Prove by contradiction. Suppose that is computed by a DFA .

Key intuition: does not scale with . 
For large enough ( ), 

will contain repeated states.

If , , then 
, contradiction.
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, satisfying:
,

,
for every .

I.e., the first symbols must contain a non-empty part that can be 
arbitrarily repeated (pumped).
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Proof. Let be the DFA that computes . Let .

Given , let be the sequence of states of 
on input .

By pigeonhole principle on , there exists such 
that . Let 

, , 

The sequence of states on input will be .
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Example 3. 

Alternative proof: .

Since is regular, if is regular, then is also regular (PSet 1), a 
contradiction.
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Proof by pumping lemma: 
Assume is regular. Let be the pumping length. Take 

and let be the partition in the pumping lemma.

Since and , it must be the case that for .

Then , a contradiction.
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Assume is regular. Let be the pumping length. Take 
and let be the partition in the pumping lemma.

Since and , it must be the case that for .

Then , a contradiction.
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Example 6. 
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Assume is regular. Let be the pumping length. Take 
మ

. 

By the pumping lemma, 
మ

for some .

But , a contradiction.
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Example 7. 

Assume is regular. Let be the pumping length. Let be a prime 
number and take . 

By the pumping lemma, for some .

But is not a prime number, a contradiction.
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Assume is regular. Let be the pumping length. Take 
and let be the partition in the pumping lemma.



Applications of Pumping Lemma

Example 8. 

Assume is regular. Let be the pumping length. Take 
and let be the partition in the pumping lemma.

It is always possible that with and indeed

Does it mean that is regular?



Applications of Pumping Lemma

Example 8. 

Assume is regular, then is also 
regular.

Let be the DFA that computes , and construct the -NFA 
by replacing every -transition in to an -transition.

Then which is not regular, a 
contradiction.



Generalized Pumping Lemma

Theorem. Let be a regular language. Then there exists (called 
pumping length) such that every with can be written as 

, satisfying:
,

,
for every .


