CS 483 - Introduction to the
Theory of Computation

Lecture 7/
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Non-regular Language Revisited Again

A non-regular grammar for L = {a™b™ | n € N}?
S—>¢laSb
A non-regular grammar for L = {ww® | w € {a, b}*}?
S—>¢laSal bSb
A non-regular grammar for L = {a'b/c* | i = jorj = k}?

S —-> AR | LC
A-oe|dA
C ->¢€|cC
R - €| bRc
L—-¢&|alb



Context-Free Grammar

Agrammar G = (N, %, P,S) is a context-free grammar (CFG) if every rule

in P has the form
Ao«

forA € Nanda € (NUZX)".

The languages generated by CFGs are called context-free languages (CFL).
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More Examples of CFG

The grammar:
S—->55|a

generates the language
{a" In =1}



More Examples of CFG

The grammar:
S>el"€"lalb|SUSISS|IS™|(S)

generates all regexes on the alphabet {a, b}.
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More Examples of CFG s

The grammar: T \
S

S—>¢elSSI(S)

generates all valid nested parentheses, / \ / \
S
S

eg. (OONO K\K\
S S

parsingtree:  ( (. ¢ )Y(C € ) ) ( € )




More Examples of CFG

The grammar:
S—>e|SSI(S)][S]

generates all valid nested parentheses and brackets,

eg. [O[O]IO
butnot  [(])



More Examples of CFG

The grammar with

N = {(expr), (term), (factor), (number)},

£ =1{01,..,9,4+%,()}

S = (expr)
and production rules:

(expr) — (term) | (term) + (expr)

(term) — (factor) | (term) X (factor)

(factor) —» (number) | ({expr))

(number) > 0]1]--]9]| 0(number) | 1{number) | --- | 9(number)
generates all arithmetic expressions with addition and multiplication.
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More Examples of CFG
-

\\?EEpr>
(terl*m)
(facltor)
(nunllber)
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More Examples of CFG

Programming languages are almost CFLs:

(program) — (statement) | (statement){(program)

(statement) — (assignment) | (if stmt) | (for_stmt) | -

(assignment) — (variable_name) = (expr);

(if_stmt) — if (expr) {{program)}



More Examples of CFG

Programming languages are almost CFLs:
(program) — (statement) | (statement){(program)
(statement) — (assignment) | (if stmt) | (for_stmt) | ---
(assignment) — (variable_name) = (expr);
(if_stmt) — if (expr) {{program)}

The resulted programs can be parsed but not necessarily compiled or run.

See e.g.: Full grammar for Python3
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Most natural languages are almost CFLs:
(sentence) — (noun phrase) (verb phrase).
(noun phrase) — (noun’) (prep phrase)
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More Examples of CFG

Most natural languages are almost CFLs:
(sentence) — (noun phrase) (verb phrase).
(noun phrase) — (noun’) (prep phrase)
(verb phrase) — (verb’) (prep phrase)
(prep phrase) — (prep) (noun’)
(noun’) — (article) (noun) | (article) (adj) (noun)
(verb’) — (verb) | (verb) (noun’)
(article) » € |alan|the

The resulted sentences are syntactically correct but not necessarily
semantically correct.
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How to compute CFL?

Example: S—e|SSI(S)][S]

What algorithm can recognize all valid nested parentheses and brackets,
that reads the input in one pass?

A stack. L ) [ C) 11 (C)

—1>
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Pushdown Automaton

A pushdown automaton (PDA) is a 6-tuple M = (Q, %, T}, 8, q4, F) where:
- () is a finite set of states;

- 2 is a finite set of symbols (alphabet);
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Pushdown Automaton

A pushdown automaton (PDA) is a 6-tuple M = (Q, %, T}, 8, q4, F) where:
- () is a finite set of states;

- 2 is a finite set of symbols (alphabet);

- I' is another finite set of symbols (stack alphabet);

- 0 is the transition function:

;:Qx@u{a})x(ru\{e})ezQir*\t  content
\ (push)

current state
top of stack
next symbol P new state
(pop)
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Pushdown Automaton

A pushdown automaton (PDA) is a 6-tuple M = (Q, %, T}, 8, q4, F) where:
- () is a finite set of states;

- 2 is a finite set of symbols (alphabet);

- I' is another finite set of symbols (stack alphabet);

- § is the transition function:
5:0 X (ZU{e}) x (TU{e}) - 22xI"
and the values of é are finite subsets of Q X I'*
- qo € Q is the initial state

- F € Q is the set of accepting states.



Pushdown Automaton

The input w € X* is accepted by the PDA M if and only if there exist:

-an g-paddedy = yq -+ Y, Such thaty = w
- a sequence of states ry, 14, ..., I, Wherery = qgandn,, € F

- a sequence of strings sy, S1, ..., Sy, € I'" representing the stack:



Pushdown Automaton

The input w € X* is accepted by the PDA M if and only if there exist:

-an g-paddedy = yq -+ Y, Such thaty = w
- a sequence of states ry, 14, ..., I, Wherery = qgandn,, € F

- a sequence of strings sg, Sq, ..., Sy, € I'* representing the stack:
- Sog =Sy =€
- (r;41,b) € 6(ry,y;41,a) forsomea €T U {e}, b €T and t € I'* such that
s; =at, S;;q1 =Dbt
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Example 1:
L1 — {anbn | n e N}

-Q ={q0,q1}, 2 ={a, b}, I' = {a}, F = {q1}

- Non-empty values of §:

- 5(qo @, €) = {(4p,a)} (read a and push a)
- 6(qg,&,¢) ={(qq,€)} (transit to second part)

- 6(qq,b,a) ={(q1,€)} (read b and pop a)



Examples of Pushdown Automata

Example 1:
L1 — {anbn | n e N}

-Q ={q0,q1}, 2 ={a, b}, I' = {a}, F = {q1}

- Non-empty values of §:
a.c—a b:a — ¢

- 5(qo @, €) = {(4p,a)} (read a and push a)
- 6(qg,&,¢) ={(qq,€)} (transit to second part) do £e—¢ ;

- 6(qq,b,a) ={(q1,€)} (read b and pop a)
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Example 2:
L, = {ww® | we{ab}}



Examples of Pushdown Automata

Example 2:
L, = {ww® | we{ab}}

-Q ={q0, 91}, 2 ={a,b}, I ={a, b}, F = {q4}

- Non-empty values of 6 ae—a aa— e
b:s - b b:b — ¢

- 6(qp,a,¢) = {(q0,a)}, 6(qo,b,¢) = {(qo,b)}
- 5(6]0,8, 8) — {(CILE)} do eeoe ‘

- 6(qp,a,a) = {(qq,8)}, 6(q1,b,b) = {(qq,8)}




Examples of Pushdown Automata

Example 2.5: What if the values of § can be infinite?



Examples of Pushdown Automata

Example 2.5: What if the values of § can be infinite?
L € ¥ is an arbitrary language.

-Q={q0. 01}, T =%, F ={q.}

a.a — &€
- Non-empty values of §: Va€s
- 805 ) = {(guw) I w € L) el

Vw € L
- 6(q1,a,a) ={(qq1,€)} foreacha € X 4’@



Examples of Pushdown Automata

Example 3:
L; ={w € {a,b}" | w contains same numbers of a and b}

We will continue this example in the next lecture.



