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Context-Free Grammar

A grammar is a context-free grammar (CFG) if every rule 
in has the form

for and .

The languages generated by CFGs are called context-free languages (CFL).
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The grammar:

generates all regexes on the alphabet .
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The grammar:

generates all valid nested parentheses and brackets,

e.g. 
but not



More Examples of CFG

The grammar with 
, 

, 

and production rules:

generates all arithmetic expressions with addition and multiplication.
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More Examples of CFG

Programming languages are almost CFLs:

;

The resulted programs can be parsed but not necessarily compiled or run.
See e.g.: Full grammar for Python3
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More Examples of CFG

Most natural languages are almost CFLs:

ᇱ

ᇱ

ᇱ ᇱ

a an the

The resulted sentences are syntactically correct but not necessarily 
semantically correct.
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How to compute CFL?

Example:

What algorithm can recognize all valid nested parentheses and brackets, 
that reads the input in one pass?

A stack.
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current state
next symbol top of stack

(pop)

new stack content
(push)

new state
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Pushdown Automaton

A pushdown automaton (PDA) is a 6-tuple where:
is a finite set of states;
is a finite set of symbols (alphabet);
is another finite set of symbols (stack alphabet);
is the transition function:

∗

and the values of are finite subsets of 
is the initial state
is the set of accepting states.
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Pushdown Automaton

The input is accepted by the PDA if and only if there exist:

- an -padded such that 

- a sequence of states where and 

- a sequence of strings representing the stack:
଴ ௠

௜ାଵ ௜ ௜ାଵ for some , ∗ and ∗ such that
௜ , ௜ାଵ
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Examples of Pushdown Automata

Example 1:

, , , 

- Non-empty values of :

଴ ଴ (read and push )

଴ ଵ (transit to second part)

ଵ ଵ (read and pop )
𝑞଴

𝑎: 𝜀 → 𝑎

𝜀: 𝜀 → 𝜀
𝑞ଵ

𝑏: 𝑎 → 𝜀
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Example 2: 

, , , 

- Non-empty values of :

଴ ଴ , ଴ ଴

଴ ଵ

ଵ ଵ , ଵ ଵ

𝑞଴

𝑎: 𝜀 → 𝑎
𝑏: 𝜀 → 𝑏

𝜀: 𝜀 → 𝜀
𝑞ଵ

𝑎: 𝑎 → 𝜀
𝑏: 𝑏 → 𝜀
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Examples of Pushdown Automata

Example 2.5: What if the values of can be infinite?
is an arbitrary language.

, , 

- Non-empty values of :

଴ ଵ

ଵ ଵ for each 𝑞଴

𝜀: 𝜀 → 𝑤
∀𝑤 ∈ 𝐿

𝑎: 𝑎 → 𝜀
∀𝑎 ∈ Σ

𝑞ଵ



Examples of Pushdown Automata

Example 3: 

We will continue this example in the next lecture.


