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, , , 

- Non-empty values of :

଴ ଴ (After reading , you can push ...

଴ ଴ ... or pop )

଴ ଵ

଴ ଵ

𝑞଴

𝑎: 𝜀 → 𝑎
𝑎: 𝑏 → 𝜀
𝑏: 𝜀 → 𝑏
𝑏: 𝑎 → 𝜀
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From CFG to PDA

Given a CFG , we construct a PDA that parses by 
traversing the parsing tree.

where:
, 

- Non-empty values of :
଴ ଵ

ଵ ଵ

ଵ ଵ

𝑞଴
𝜀: 𝜀 → 𝑆

𝜀: 𝑃
𝑎: 𝑎 → 𝜀

𝑞ଵ
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From CFG to PDA

Input is in if and only if there exists:
- , , 
-
- (pop), or , and (replace)

This exactly corresponds to a derivation in :

which exists if and only if .
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stack

Recall the example: 

Empty stack

Same at 
stack bottom
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Let be a non-terminal symbol that represents all strings that 
corresponds to the PDA transition:

state and empty stack    to    state and empty stack

Then we have rules:
for every 

ᇲ ᇲ for and such that for some :

( to : read and push )
( to : read and pop )
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From PDA to CFG

Lemma. For every PDA , there is an equivalent 
PDA such that every valid transition only uses 
at most one single operation on the stack:
- Push: , 
- Or Pop: 

Proof. Decompose each transition :

𝑞
𝑎: 𝑠 → 𝜀

𝑞ᇱ
𝜀: 𝜀 → 𝑡௞ 𝜀: 𝜀 → 𝑡௞ିଵ 𝜀: 𝜀 → 𝑡ଵ
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Equivalence between PDA and CFG

Theorem. A language can be computed by a PDA if and only if it is 
context-free.

By-product. Every CFG can be equivalently written with rules of forms:
(if , for rule add )
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Chomsky Normal Form

Theorem. Every CFG can be equivalently written with rules of forms:

(if )

Corollary. For every CFL , deciding whether can be solved by DP:
if there is rule 
if there is rule , and both and 

are true for some .


