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Theorem. Let be a CFL. Then there exists (called pumping 
length) such that every with can be written as 

, satisfying:
,

,
for every .

I.e., there must be two parts within symbols that can be arbitrarily 
simultaneously repeated (pumped).
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Proof. Let be the CFG for under Chomsky normal form, 
and let .

Given with , suppose is the deepest node in 
the parsing tree. Since depth- parsing tree contains at most leaves, 
the depth of is at least .
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Pumping Lemma for CFL

Proof. Let be the CFG for under Chomsky normal form, 
and let .

Given with , suppose is the deepest node in 
the parsing tree. Since depth- parsing tree contains at most leaves, 
the depth of is at least .

Consider the last non-terminal symbols on 
the path from root to , there must be a 
that appears at least twice.

We have and , so .
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Example 2. 

Assume is a CFL. Let be the pumping length. Take 
and let be the partition in the pumping lemma.

Since , it is either contained in or in :

- If is in , the number of in is smaller than or ;

- If is in , the number of in is larger than or .
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Example 3. 

Assume is a CFL. Let be the pumping length. Take 
and let be the partition in the pumping lemma.

Since , it is either contained in or in :

- If is in , the number of in is smaller than or ;

- If is in , the number of in is smaller than or .



Applications of Pumping Lemma

Example 4. 



Applications of Pumping Lemma

Example 4. 

Assume is a CFL. Let be the pumping length. Take 
and let be the partition in the pumping lemma.

Suppose . must start with and end with . So

for some , which contradicts .
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Applications of Pumping Lemma

Example 5. 
మ

Assume is a CFL. Let be the pumping length. Take 
మ

. 

By the pumping lemma, 
మ

for some .

But , a contradiction.



Applications of Pumping Lemma

Example 6. 

Just like the example for regular language, can be pumped.
Does it mean that is context-free?



Generalized Pumping Lemma for CFL

Theorem (Ogden's lemma). Let be a CFL. Then there exists 
such that every with at least marked symbols can be written as 

, satisfying:
contains at least one marked symbol,

contains at most marked symbols,
for every .
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Applications of Ogden's lemma

Example 6. 

Assume is a CFL. Let be the pumping length. Take 
, mark and let be the partition in 

Ogden's lemma.

Since contains at most marked symbols, it can’t contain both and :

- If is in , the number of in is smaller than ;

- If is in , the number of in is smaller than .



Closure Properties of CFL

Are CFLs closed under the following operations?

- union



Closure Properties of CFL

Are CFLs closed under the following operations?

- union 

- concatenation 



Closure Properties of CFL

Are CFLs closed under the following operations?

- union 

- concatenation 

- Kleene star



Closure Properties of CFL

Are CFLs closed under the following operations?

- union 

- concatenation 

- Kleene star 

- intersection



Closure Properties of CFL

Are CFLs closed under the following operations?

- union 

- concatenation 

- Kleene star 

- intersection ✘

- complement 



Closure Properties of CFL

Are CFLs closed under the following operations?

- union 

- concatenation 

- Kleene star 

- intersection ✘

- complement ✘ De Morgan’s Law: 
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Closure Properties of CFL

Theorem. If is context-free and is regular, then is context-free.

Proof. Let be a PDA for , and 
be an -NFA for . Assume and contains all the 

trivial transitions:
, 

We construct PDA where:
, , 



Applications of Pumping Lemma

Example 6. 

Assume is a CFL. Then 

is also a CFL. Change -transitions in the PDA for to -transitions and 
we get a PDA for , a contradiction.



Chomsky Hierarchy

All languages

Context-free
languages

Regular 
languages

Grammar

Regular grammar

Context-free grammar

Computation

Pushdown automaton

Finite automaton


