CS 483 - Introduction to the
Theory of Computation

Lecture 9
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Assume L, is context-free, consider its PDA.
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Pumping Lemma for CFL

Theorem. Let L be a CFL. Then there exists £ € N (called pumping
length) such that every w € L with |w| = € can be written asw =
uvxyz, satisfying:

- lvl + 1yl >0,
- lvxyl < ¢,
- uv*xy*z € L for every k € N.



Pumping Lemma for CFL

Theorem. Let L be a CFL. Then there exists £ € N (called pumping
length) such that every w € L with |w| = € can be written asw =
uvxyz, satisfying:

- lvl + 1yl >0,
- lvxyl < ¢,
- uv*xy*z € L for every k € N.

l.e., there must be two parts within € symbols that can be arbitrarily
simultaneously repeated (pumped).
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Proof. Let G = (%, N, P, S) be the CFG for L under Chomsky normal form,
and let £ = 2INI+1,

Givenw = wy ...w,, € L withn = £, suppose w; is the deepest node in
the parsing tree. Since depth-d parsing tree contains at most 2¢ leaves,
the depth of w; is at least |N| + 1. .
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Pumping Lemma for CFL

Proof. Let G = (%, N, P, S) be the CFG for L under Chomsky normal form,
and let £ = 2INI+1,

Givenw = wy ...w,, € L withn = ¥, suppose w; is the deepest node in
the parsing tree. Since depth-d parsing tree contains at most 2¢ leaves,

the depth of w; is at least |N| + 1. .
Consider the last [N| + 1 non-terminal symbols on
the path from root to w;, there mustbeaT € N T
that appears at least twice.

We have T = vTyand T Sx,50T = vRxyk.
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Example 1.
Ly ={a"b"c" | n € N}

Assume L, is a CFL. Let € be the pumping length. Take w = a*b?c? € L,
and let w = uvxyz be the partition in the pumping lemma.



Applications of Pumping Lemma

Example 1.
Ly ={a"b"c" | n € N}

Assume L, is a CFL. Let € be the pumping length. Take w = a*b?c? € L,
and let w = uvxyz be the partition in the pumping lemma.

Since |vxy| < 4, it is either contained in a‘b? orin b¥ct:

- If vxy isin a’b?, the number of ¢ in uv?xy?z is smaller than a or b;

-If vxy is in b¥c?, the number of a in uv?xy?z is smaller than b or c.
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Example 2.
L, ={am™b™cP |0 <m < n<p}

Assume L, is a CFL. Let £ be the pumping length. Take w = a‘b?c? € L,
and let w = uvxyz be the partition in the pumping lemma.

Since |vxy| < 4, it is either contained in a‘b? orin b¥ct:

- If vxy isin a’b?, the number of ¢ in uv?xy?z is smaller than a or b;

-If vxy is in b?c?, the number of a in uxz is larger than b or c.
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Example 3.
L; = {w € {a, b, c}" | w contains same number of a, b, c}

Assume L is a CFL. Let € be the pumping length. Take w = a‘b?c? € L,
and let w = uvxyz be the partition in the pumping lemma.

Since |vxy| < 4, it is either contained in a‘b? orin b¥ct:

- If vxy isin a’b?, the number of ¢ in uv?xy?z is smaller than a or b;

-If vxy is in b¥c?, the number of a in uv?xy?z is smaller than b or c.
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Applications of Pumping Lemma

Example 4.
L,={ww|wE€{ab}}

Assume L, is a CFL. Let £ be the pumping length. Take w = a‘b?a’b? €
L, and let w = uvxyz be the partition in the pumping lemma.

Suppose uv?xy?z = w'w’. w' must start with a* and end with b*. So
wv?xy?z = atsb*atsh?
for some s € {a, b}, |s| > 0, which contradicts |vxy| < ¢.
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Applications of Pumping Lemma

Example 5.
Le = {a™ | n € N}

Assume Lc is a CFL. Let £ be the pumping length. Take w = A= Lc.
By the pumping lemma, al“tt e Lc forsome 0 <t < 4.
But £ < £+t < (£ + 1)?, a contradiction.



Applications of Pumping Lemma

Example 6.
L ={d™a"b"c" | m=1,neN}uU{a™b"c? | m,n,p € N}

Just like the example for regular language, Lg can be pumped.
Does it mean that Lg is context-free?



Generalized Pumping Lemma for CFL

Theorem (Ogden's lemma). Let L be a CFL. Then there exists £ € N
such that every w € L with at least £ marked symbols can be written as
W = uvxyz, satisfying:

- vy contains at least one marked symbol,
- vXy contains at most £ marked symbols,
- uv*xy*z € L for every k € N.
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Assume L¢ is a CFL. Let € be the pumping length. Take w =

dat*1p**1ct*1 € L, mark b**1 and let w = uvxyz be the partition in
Ogden's lemma.



Applications of Ogden's lemma

Example 6.
L ={d™a™b"c"|m=1,neN}u{a™b"c? | m,n,p € N}

Assume L¢ is a CFL. Let € be the pumping length. Take w =

dat*1p**1ct*1 € L, mark b**1 and let w = uvxyz be the partition in
Ogden's lemma.

Since vxy contains at most £ marked symbols, it can’t contain both a and c:
- If vxyisin da**1b**1, the number of ¢ in uv?xy?z is smaller than b;

-If vxyisin b**1ct*1 the number of a in uv?xy?z is smaller than b.
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- union
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Closure Properties of CFL

Are CFLs closed under the following operations?

- union v S_>51|52
- concatenation v S —85.5;
- Kleene star v S—>el|S85;

- intersection X Ly = {a™b™*c™} N {a™b"™c"}
- complement X De Morgan’s Law:
ANB=AUB
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Theorem. If A is context-free and B is regular, then A N B is context-free.



Closure Properties of CFL

Theorem. If A is context-free and B is regular, then A N B is context-free.

Proof. Let M; = (Q4,%,T, 84,9, F;) be a PDA for A, and M, =

(Q5,%,98,,q0,F,) be an e-NFA for B. Assume M; and M, contains all the
trivial transitions:

(91,€) € 01(q1,€,€), G2 € 62(q2,€)
We construct PDAM = (Q, %, T, 6, qy, F) where:
-Q =01 %0290 =(490,90), F = F, X F,
- 8((q1,92),a,5) = {((q1,92),t) 1 (q1, 1) € 61(q1,a,5), 92 € 62(qg2, )}



Applications of Pumping Lemma

Example 6.
L ={d™a"b"c" | m=1,neN}uU{a™b"c? | m,n,p € N}

Assume Lg is a CFL. Then
L =LsUda*b*c* = {da™b™c" | n € N}

is also a CFL. Change d-transitions in the PDA for Ly to &-transitions and
we get a PDA for L4, a contradiction.



Chomsky Hierarchy

Grammar All languages Computation

-~ Context-free ™,
languages

- - o

Context-free grammar Pushdown automaton

./ Regular !
anguages .~ ./
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Regular grammar Finite automaton
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