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1. Introduction

In {2] one of us published algorithms for computing sue-
cessive derivatives of €”/z, (eos x)/z, and (sin z)/z. It was
brought to our attention [5] that the first two of these
algorithms are subject to substantial loss of accuracy if
2 (or | z | in the case of the second algorithm) is large and
n, the order of derivative, is larger than [z |. In the fol-
lowing we examine the reasons responsible for this dif-
ficulty and suggest ways in which it may be overcome.
Revised algorithms implementing the results of this article
appear as Remark on Algorithm 282 in the Algorithms
section of this issue (see footnote).

Although hardly more than an isolated example,' the
question discussed here well illustrates the pitfalls in-
herent in the indiscriminate use of recurrence relations. It
may also serve to remind us of the computational limita-
tions of analytic formula manipulation systems.

Consider, for example, the derivatives

do(z) = C—Z‘l—n<5>, n=012 ... (11
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! Wenote, however, that the functiond, in (1.1) is of some relevance
in molecular structure calculationg by virtue of 4,.(1l,x) =
—du(—a), An(—1, &) = (—1)"d. (), where A.(o, @) = [ e =trdt
are auxiliary “molecular integrals’’ (cf. [4, 6]).
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Analytie differentiation yields

da(z) = (=1)" 2, Cen(—2), (1.2)
where
en(z) = I;I:j_' (13)

Formula manipulation systems most likely would deal
with (1.1) by effectively evaluating the expression in (1.2).
Note, however, that for z positive and large, and n > x,
the dominant term in the sum for e,(—z) has the order
of magnitude €°/+/ (2rz), while the sum itself is close to
e . For such values of z and n, the evaluation of (1.2)
thus involves considerable cancellation of leading digits,
the resulting loss of accuracy amounting to about logs, e
= (.868...)z decimal digits.

Alternatively, one might try to compute the desired
derivatives recursively, as in [2], using

dn(x) = - gdn—l(z) + %;’
. (14
e
n=123..., do(x)—?c.
While, technically speaking, this recursion is stable, it
will be seen that the cancellation problem reappears with
the same devastating force.

2. Error Propagation in Linear First-order
Difference Equations

The recurrence relation (1.4) is an example of a first-
order linear difference equation

Yn = QpYn-1 + bn, n=12323 ..., a # 0. (2.1)

We consider solutions on the set 9% of nonnegative integers
n. Given a particular solution {f.} of (2.1) to be computed,
we wish to examine the influence of a single error at
m € N upon the value of f, at any other n € . Since the
solution {f.} may vary considerably in magnitude, it is
appropriate to consider relative errors and restrict atten-
tion to the subset 9y C N on which f, ¥ 0. Assuming for
simplicity that fo # 0, the question can easily be answered
as follows (ef. [1]).

Let {f.} denote the “perturbed” solution of (2.1) cor-
responding to the starting value f = fn (1 + €), m € 0.
Then for any n € 97 we have

o= 5t 2o, (22)
where®
P = f}h" ’ hn = Gnlna ... a1 (23)

2 The factor fo in the definition of p. is included only for the pur-
pose of normalization, making po = 1.
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A relative error ¢ introduced at m thus induces a relative
error (p./pm)e at n. In particular, the error is magnified if
loa| > | pm| and damped if | p.| < | pm|. The quantities
pa Will be referred to as “amplification factors.”

The behavior of the function {|p. |} clearly determines
the error propagation pattern associated with the particular
solution {f.} of (2.1). If there is any choice of direction
in which the recursion (2.1) can be employed, then the
direction in which |p,| decreases (or has a tendency to
decrease) is generally the one to be preferred. Following
this direction, errors introduced at each step of the recur-
sion (due to rounding, for example) have a tendency to be
consistently damped out. Proceeding in direction of in-
creasing | x| 18 -tolerable only if the maximum error am-
phﬁcatlon remains w1th1n acceptable limits.

3. Successwe derlvatlves of e “fx

"From (1.2) and (2.3) we find that the amplification
factors -p, associated with the solution (1.1) of the difference
equatlon (1.4) are given by

1
en(_x) '

If z < 0, then |p,| decreases monotonically from 1 to
¢ '*!. In this case the recursion (1.4) is properly applied
in the forward direction for all n > 0. If x > 0, the be-
havior of | p. | is as shown in Figure 1. Disregarding rela-
tively small values of z (for which |p.| remains within
acceptable limits for all n > 0), it is seen that | p, | initially
decreases until it reaches a minimum value near no = [z],
and from then on increases, reaching the limit | p | = €°
rather abruptly. The:recursion: (1.4) is now properly
applied in the forward direction on the interval 0 < n < ng,
and in the backward direction on np < n < <, unless an
error amplification of | pw/png | is tolerable, in which case
forward recursion may be used on the whole interval
0<n< o,

We note that |e.(— n)] ~ e /2\/(21rn) asn — o,
from which it follows that the maximum error amphﬁca-
tion is approx1mately /2 \/ (27z), when z is large.

The graphs in Figure 1 may be interpreted as follows.
Writing d, (z) in the form '

(3.2)

do(z) = (—1)" ’j+1+f ' d

[by using the remainder term of the exponential series in
(1.2)] and assuming > O large, one observes that the
integral on the right of (3.2) initially dominates, until n
is large enough to make the first term of comparable
magnitude. From this point on, the first term quickly
becomes the dominant term. As long as the integral dom-
inates, d,(r) varies relatively slowly with n, so that by
(2.3) | pn | is approximately proportional to | k| = nta™
Once the first term takes over, |p.| becomes constant,
equal to ¢°. Therefore, the curves in Figure 1, up to a
scale factor, are essentially those for nlz™", levelled off at
the value of n for which the integral in (3.2) becomes
negligible.
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Fia. 1. Amplification factors | p.(x) | of (3.1), for 0 < n < 80,
z = 2,5, 10, 15, 20

It remains to consider the question of computing an
appropriate starting value in cases where backward re-
currence is called for. From the remarks just made, it is
clear that d,(z) can be approximated by
(-1 2

grtt

(33)

t(z) =

to any degree of accuracy, if n is taken sufficiently large.
To analyze this more carefully, observe that the integral
in (3.2) is bounded by €/ (n + 1), and that n! > (n/e)”
for every integer n > 1. Therefore,

'n+1 n+1

d'—Qn n xt €xr n+lz
=t < Gy +1>'e<<n+1) “

from which it follows that | (ds — ¢2)/¢x | < 8 (0 < 8 < 1),

and consequently | (d, — ¢.)/d.| < 8/(1 — &), as soon
as n is large enough to satisfy

n+l1
ex
* < 8.
(n T 1) ¢ =

In partibular, ¢» approximates dn to s significant digits if
(3.4) holds with & = % 10™°. Taking logarithms, this con-
dition amounts to .
n+1 n+1 :c+sln10+1n2“-
ex ex ex

(3.4)

which in turn is equivalent to

2+ sh10+4+hn 2)’ (35)

exr

n+1 Zext<

where ¢(y) denotes the inverse function of y = ¢ In ¢,
(Low-accuracy approximations to ¢{(y) are obtained in
another context in [3, p. 51].) Thus, if »n° is the smallest
integer n satisfying (3.5), then ¢, (x) in (3.3) may be used
to approximate d, (z) (to s significant digits) for n > n’,
while backward recursion in (1.4) may be used to obtain
dn(z) for ng < n < 2’
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4. Successive Derivatives of (cos x)/x and (sin x)/x

The derivatives

(@) = o (22) (a1)
da" \ 2
satisfy the difference equation
en(z) = — Leua(z) + 1 Re(ie™),
z z (4.2)
n = 172;3; )
and the associated amplification factors p, are now
coS
pa(z) = (4.3)

Re [e¥e,( —iz)]

Clearly, p.(—z) = pn(z). The behavior of | p, | is shown
in Figure 2. The graphs are basically the same as those in
Figure 1, except that they are leveled off at an earlier
stage (due to the limiting value now being p., = cos z)
and are not nearly as smooth.

The recurrence (4.2) is again properly applied in the

forward direction for 0 < n < ny (no = [[z[]), and should
be used in this backward direction for ny < n < o, " nless +
the maximum error amplification |1/p.,| (now approx1—
mately half as large as in the case of d.(z)) is within
tolerable limits. Due to the fluctuations in | p, |, occasional
losses of significant digits must be expected, even if the
recursion is used in the proper direction. Loss of significance
is apt to oceur for those values of n for which |c. ()]

"is exceptionally small.

The identity
(=1)"n!

en() = Tt

_I_ f t Re «nt1 wt] dt (44)
permits us to interpret the graphs of Figure 2 in a similar
manner as we did previously for the graphs of Figure 1.
It also follows from (4.4) that ¢, (z) in (3.3) can be used
to approximate c, (x) to s significant digits for all n satisfy-
ing

elz]

Replacmg “Re” by “Im” in (4.2) and (4.3), and “cos "
by “sin z” in (4.3), one obtains the difference equation
and associated amplification factors for the derivatives
so(z) = (d"/dx")(sin z/z). The graphs of |p,| in this
case resemble those of Figure 2, except that no leveling-off
oceurs, since Im[e”e, (—iz)] — 0 asn — .

. y ¥
e Y
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Lowe—cont'd from page 6

is in preparation, and more research is required in that
area. An important topic for future investigation is a com-
parison of performance improvement and cost of segmenta-
tion for Boolean and probabilistic methods. Such an in-
vestigation could well include empirical testing.

REeceEIvED FEBRUARY, 1969; REVISED JULY, 1969

REFERENCES

1. Lowe, THOoMAs C. The influence of data base charecteristics
and usage on direct access file organization. J. ACM 15, 4
(Oct. 1968), 535-548.

2. Lowry, Epwarp 8., AND MEDLOCK, C. W. Object code opti-
mization. Comm. ACM 12,1 (Jan. 1969), 13-22.

Volume 13 / Number 1 / January, 1970

3. Lows, Tuomas C. Analysis of Boolean models for time-shared
paged environments, Comm. ACM 12, 4 (Apr. 1969), 199-205.

4. RamamoorTHY, C. V. Analysis of graphs by connectivity con-
siderations. J. ACM 13, 2 (Apr. 1966), 211-222.

5. RamaMoorTHY, C. V. The analytic design of a dynamiec look
ahead and program segmenting scheme for multiprogrammed
computers. Proc. ACM 21st Nat. Conf., 1966, Thompson
Book Co., Washington, D.C., pp. 229-239.

6. ProssER, R. T. Applications of Boolean matrices to the analy-
sis of flow diagrams. Proe. Eastern Joint Comp. Conf., Vol.
16, Dec. 1959, Spartan Books, New York, pp. 133-138.

7. RosENBLATT, Davip. On the graphs and asymptotic forms of
finite Boolean relation matrices and stochastic matrices.
Naval Res. Logist. Quart. 4 (June 1967), 32-37.

8. Lowe, Tuomas C. An algorithm for rapid calculation of prod-
ucts of Boolean matrices. Software Age 2 (Mar. 1968), 36-37.

Communications of the ACM 9



