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ARTICLE INFO ABSTRACT
Keywords: Despite their remarkable success in approximating a wide range of operators defined by PDEs,
Neural operator existing neural operators (NOs) do not necessarily perform well for all physics problems. We focus

Transformer-inspired

Forward operator
Generalization error bounds
Out-of-distributional risk bounds

here on high-frequency waves to highlight possible shortcomings. To resolve these, we propose
a subfamily of NOs enabling an enhanced empirical approximation of the nonlinear operator
mapping wave speed to solution, or boundary values for the Helmholtz equation on a bounded
domain. The latter operator is commonly referred to as the “forward” operator in the study of
inverse problems, and we propose a hypernetwork version of the subfamily of NOs as a surrogate
model. Our methodology draws inspiration from transformers and techniques such as stochastic
depth. Experiments reveal certain surprises in the generalization and the relevance of introducing
stochastic depth. Our NOs show superior performance as compared with standard NOs, not only
for testing within the training distribution but also for out-of-distribution scenarios. To delve into
this observation, we obtain a novel out-of-distribution risk bound tailored to Gaussian measures
on Banach spaces, relating stochastic depth with the bound. We conclude by offering an in-depth
analysis of the Rademacher complexity associated with our modified models and prove an upper
bound tied to their stochastic depth that existing NOs do not satisfy.

1. Introduction

Data-driven approximation of operators is gaining momentum due to its potential to approximate operators over expensive
numerical solvers at a fraction of the computational cost, particularly in the context of parametric partial differential equations
(PDEs). This approach proves particularly advantageous in scenarios where constitutive laws are approximated, or only data are
available. Once the model is fully-trained, the solution is, up to an approximation error, obtained by evaluating the neural network
with restrictions on the input, i.e., the test data are drawn from the same or a sufficiently similar distribution as the training
data. Numerous architectures have been proposed in recent years, such as DeepONets [89,90], PCA-Net [11,51], PINNs [99,61],
and neural operators (NOs) [83,66,82]. Among them, Fourier neural operators (FNOs) have gained widespread popularity. Indeed,
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they can efficiently compute the costly integral operator, they enjoy “discretization invariance”,! and are universal approximators,

under the assumption of regularity and separability of spaces. FNOs or iterations thereof, [17,112,107,18], have rapidly become the
network of choice, finding applications in various domains [98,46,116,113,78,45,70].

FNOs have shown promising results in certain 2D PDE problems, e.g., incompressible Navier-Stokes equation, [65, Section 3.2],
and even some non-linear inverse problems, [115,95]. However, application to realistically complex large-scale problems remains
an issue, despite some recent progress [45]. NOs are the natural generalization of multilayer perceptron (MLPs) to functional spaces,
and they share their limitations. For example, You et al. [118] have shown that deep FNOs perform poorly on some nonlinear
operators for PDEs, despite being theoretically universal [65]. These findings underscore the need for architectures that possess more
desirable properties in implementation. Moreover, the increasing interest in enhancing or replacing traditional numerical methods
has prompted a focus on understanding the generalization capabilities and training dynamics rather than solely relying on the
approximation power of networks, e.g. [91,72,71,73,28].

In this paper we focus on the out-of-sample, or generalization, performance of neural operators trained from finitely many noisy
inputs. We consider neural operators of the form

Vpp1 =00(Wy+ Ky +by)ov,, (€]

or our proposed network

ve1 = (Ig + X, froN)o(Ig + X, 00(K; + by)oN )ov,. (2

Here, Kv(x) = f k(x,y)v(y)dy represents integral operators, where the kernel function k; ; is uniformly bounded for each point x
and y. This boundedness property allows us to establish theorems that hold regardless of the choice of basis expansions for K. X,
are Bernoulli random variables, X, ~ Ber(p,), acting as “switches”, controlling the propagation of information within the network,
and adding extra randomness in the training. The process of adding X, ~ Ber(p,), such that p, decreases with depth is known
as stochastic depth [55]. Finally, f, is a simple multilayer perceptron (MLP), ¢ the activation, N a normalizer, and I; the identity
operator, which we introduce formally in Section 2.

The theory of generalization for neural operators is still in its early stages, with ongoing advancements in the field, as Kim and
Kang [62], controlling the estimation error using uniform laws of large numbers. However, such methods have primarily focused
on finite-dimensional parameters, as they rely on established theorems within the statistical learning community. Nevertheless, the
underlying theory can be extended to encompass a broader range of kernel functions, beyond those approximated by Fourier basis.
In our work, we have extended the theory to a wider class of kernel functions and have avoided relying on the constraints of finite
dimensionality. This allows for the consideration of alternative bases for expressing the integral operator, such as wavelet basis,
spherical harmonics, and others.

Additionally, the theory of generalization in neural networks encompasses their ability to handle perturbations in the underly-
ing distribution, including out-of-distribution scenarios. While empirical and theoretical results for operator learning are relatively
scarce and challenging to obtain, there are notable exceptions, such as the work by de Hoop et al. [26, Sec 4.1.2] that focuses on
learning linear operators from data. In our work, we make a further contribution to this area by investigating the robustness of the
proposed network (2), to changes in the input distribution. Empirically, we observe that the network exhibits robustness to such
changes. Theoretically, we leverage properties from the theory of general Gaussian measures on Banach spaces and the duality of
the Wasserstein 1 distance to establish an upper bound on the network’s robustness to a change of measure. It is important to note
that the random variables in (2) play a significant role in controlling the bound, particularly as the depth of the networks increases.
These findings shed light on the generalization capabilities of the networks and provide insights into their behavior beyond the
training distribution. However, it is worth mentioning that our bounds rely on estimates of the Lipschitz constant, and those are not
tight. Strictly speaking, further analysis is needed to fully understand the growth and provide a complete explanation of the observed
out-of-distribution behavior.

Our proposed architecture modifications in (2) borrow ideas from transformers, in particular to the encoder part, whose layers
can be described as

Vpy) = (Id +X, ffoN)o< I + X, oAttn )ovf, Attn(v,) = sof tmax (Const. Q(Uf)K(Uf)T) V(vy), 3

for v, € R™4, and Q(v,) = v, W, K(v,)=v, WK, V(v,)=v,W" for WC, WK WV € R™4, As we delve into the subject, we will
discover how this approach grants us significant control over the complexity class within the family, while effectively bounding the
out-of-distribution risk through stochastic depth for Gaussian measures. Additionally, it empowers us to leverage a proven network
layout, which has consistently demonstrated promising empirical results across various domains. In recent years, there has been a
shift towards the adoption of transformer-based architectures [109,29,31,85,2] throughout machine learning. These architectures,
which include widely publicized models such as BERT and ChatGPT [29,84], have shown remarkable success in various tasks,
outperforming previous state-of-the-art models. Kovachki et al. [66, Section 3.3] has identified a connection between transformers
and neural operators, where self-attention can be viewed as a Monte Carlo approximation of a nonlinear integral operator, showing
that the underlying principles of these seemingly different architectures are linked. Cao [19], Kissas et al. [63], Li et al. [81]
explored transformers for parametric PDEs. Despite the promising results for small-scale problems, using transformers to approximate

! In the sense of zero-shot super-resolution, that is, training in a coarse grid and testing in a finer grid.
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operators is hindered by the inherent scalability issue of self-attention.? Attention operations have a cost of (9(n?), making them
prohibitively expensive for realistic 3D inputs. Incorporating workarounds like shifted windows in visual transformers, as seen in
[85], can be beneficial for certain applications. However, the absence of a solid theoretical foundation in these approaches makes it
challenging to analyze the convergence of the architecture, particularly in scientific computing scenarios. In contrast, the convolutional
integral operator in FNOs can be efficiently estimated by the Fast Fourier Transform (FFT) with a computational cost of O(nlogn).
Furthermore, the adaptive Fourier neural operator (AFNO) [47] presents a promising approach to address the scalability limitations
of transformers. Nonetheless, current applications have been primarily limited to vision, and further research is needed to explore
these architectures in scientific computing.

Extensive empirical evidence has shown that design choices in transformers can yield significant improvements in the capacity of
network families, training stability, generalization performance to in-distribution-data, and sometimes out-of-distribution, [50]. This
has resulted in a growing trend in various fields of machine learning to adopt “transformized” architectures [105,77,119,93,100,86].
The work of Yu et al. [119], abstracts the self-attention of the transformer leading to a so-called metaformer architecture. Here, we
take advantage of the abstracted layout of this approach to overcome limitations associated with traditional self-attention in terms
of input’s dimension. Furthermore, this opens up possibilities for designing transformer-based models that can effectively tackle
problems arising in scientific computing on an ad-hoc basis.

Our contributions

(a) We introduce modifications to neural operators to adopt a transformer-like architecture, drawing inspiration from works such as
[86,77,119]. The resulting network (Section 2) is referred to as sFNO + €I and sNO + I, respectively, for experiments and theory,
where the ¢ indicates that “minor” changes are incorporated, and the s stands for sequential, as we preserve the arrangement:
non-local (integral operator layer as “token mixer”), and local (MLP layer as “feature mixing”) in transformers (contrasting with
traditional NOs).

(b) We construct a benchmark for the time-harmonic wave equation according to [37]. We observe that modifying FNOs towards
SFNO + €I leads to a smaller test loss in the parametric form of the Helmholtz equation ¢ — p (Section 4.4) for data in-distribution.

(c) We provide an exhaustive empirical study of the robustness of the trained networks for perturbation in the data distribution.
We show that the proposed architecture is able to generalize to out-of distribution input, while earlier networks are unable to.
Remarkably, the proposed network is able to obtain reasonable wave propagation from an anisotropic covariance operator, change
in the input’s range and roughness coefficient, despite being only trained on smooth Gaussian random fields with Whittle-Matérn
isotropic covariance, and fixed wave speed range (Section 5).

(d) We propose a hypernetwork version of the architecture, as a surrogate model to effectively approximate the forward operator of
the Helmholtz equation (Section 6). That is, (f,c) — pf |s, where pf |5 is the restriction of the wavefield at receivers location
for a given source, f.

(e) We give theoretical guarantees supporting the out-of-distribution performance of the sNO + €I and sNO + £Iv2 (2) models in the
case where the inputs are sampled from a centered Gaussian measure yy on various Banach spaces (Section 7). We find that the
out-of-sample generalization of both neural operator models is described by the metric entropy of the unit Cameron-Martin space
associated with py. The analysis extends the transport-theoretic tools for deriving risk-bounds introduced in [53] and merges it
with small-ball estimates for Gaussian processes on Banach spaces, e.g. [80].

(f) We offer a novel analysis of the Rademacher complexity of NOs and our proposed architecture (2) (Section 8). For NO, our analysis
is general in the sense that it applies independently of the discretization and of the choice of basis in the integral operator,®
contrasting with [62]. In addition, our work not only extends the previous results to functional space but also provides a better

1
bound on the Rademacher complexity with order @ (1 [nd+t ) (n is the cardinality of the training dataset, and d is the doubling

dimension of DX D, where D is the spatial domain), whilst (1) in [62]. For the Rademacher complexity of (2) our analysis is tied
to stochastic depth. We show that stochastic depth controls the expected Rademacher complexity, irrespective of the number of
layers. For instance, if X, ~ Ber(p,), and p, = O(¢ —(1+2)) where # denotes the layer’s number, and € > 0, the bound is uniform
regardless of £ — c0. As a consequence, we show that the upper bound of the sNO + €I can always be controlled with depth,
while the upper bound of the other neural operators diverges.

Notation We denote d € N as the number of components of the domain D C RY used throughout the paper, by d, the dimension
of the image of the function a, a(x) € R4 or a(x) € C, the meaning is clear from the context. We usually denote a € L2(D;R%)
and u € L2(D;R%) as the input and output functions related by an operator (e.g., if G is an operator between these two spaces,
G(a)(x) = u(x)). We denote the weight matrix at layer £ as W, € R4 *4s-1, and by b, € R the bias. For the main network (7) and
the intermediate architectures Equations (5) to (6), we incorporate a multilayer-perceptron at the block-layer #, and we denote the

corresponding weight matrix at the m-th layer in the MLP as W, € R .m+1*% -, in where ¢ refers to the block-layer #. We use f, as

2 In transformer applications, datasets are massive, but individual data samples are relatively small compared to those in PDE-related problems, particularly in 3D
cases. In areas like vision, attention is typically applied to image patches instead of at a pixel-wise level to reduce computational cost, e.g. [31]

3 In particular, Fourier basis corresponding to FNOs.

4 Similar conclusion is obtained in theoretical analysis of OOD.
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Table 1
Notations.

Notation Description Reference

d number of components of spatial domain D c R¢

c activation function

K, integral operator with kernel k,

ke d,., X d,-kernel matrix for K,

R, 0 lifting and projection operator Fig. A.17

X, Bernoulli random variables at layer # Equation (7)
Spaces, metrics and norms

L? space of square-integrable functions

HS =Ws? Sobolev space of smoothness s, with norm || - | Section 3.4

H,, Cameron-Martin space of a Gaussian measure 4, Assumption 7.2

I Nluip Lipschitz norm of the Sobolev space W' Equation (21)

w, Wasserstein-1 distance Equation (20)
Experiments

G operator ¢ — p Section 3.2

T"L{) forward operator (c, f,w) = {p(x;, @, )} Section 3.3

R restriction operator R(p) = plx Section 3.3

A correlation range of the Whittle-Matérn field Equation (15)

v smoothness of the Whittle-Matérn field Equation (14)
Learning theory

S={a,,u, }fl\’: 1 training dataset drawn from the probability measure u Section 8.1

R (F) Rademacher complexity of the class .# given the dataset S Equation (34)

ul empirical measure uy = N~' ¥, _\ 6, Equation (25)

d doubling dimension of D X D Definition A.16

N hypothesis class of neural operators Equation (26)

n hypothesis class of sequential neural operators (Equations (5) to (7)) Equation (27)

the MLP at layer ¢ in (2) and all the intermediate architectures. For an integral operator with kernel function k, at layer £, we write
itas K,. By ||| op WE denote the operator norm induced by the euclidean norm and by ||:||r the Frobenius norm of given matrices.
By ||-|l, we denote the £,-norm and by ||-|| 2 p.g# the corresponding L%-norm. For s € [0, o), we denote H*(D) the Sobolev space,
which for s =0, H(D) = L2(D). For the generalization error bound statements we denote the cardinality of the training dataset as n.
The hypothesis class of neural operators, precisely defined in (26), as .4” and the sequential neural operator class (27) as W% (all the
architectures defined in Equations (5) to (7)). For probabilistic statements, we will assume a suitable underlying probability space
with probability measure x. We denote the probability measure in L2(D;R%) x L2(D;R%) as u (or sometimes P, it is clear from the
context), with marginals y, (i.e., the marginal of u on L%(D;R%)) and 4, the marginal in L2(D; R%). By d we denote the doubling
dimension of D x D. By || - || ;, we denote the Lipschitz norm, see (21), and by sampling norm, [|£||s := (n~' X_, £(a;,u;)?) 12 gor
the out-of-distribution statements, we denote the Cameron-Martin space of a Gaussian measure u, as }, and by u" the empirical
measure uy =N"' ¥,y 8, .
A summary of the notation used is presented in Table 1.

2. Proposed networks: “metaforming the neural operator”

In this section, we introduce the architecture known as sNO + €I with stochastic depth. This architecture is designed to enhance
the generalization performance and capabilities of neural operators. Here, we provide a comprehensive description of the layers that
constitute sNO + €1, which are briefly outlined in Equation (2). However, to understand the impact of different architectural changes,
we gradually modify the NOs until obtaining the sNO + €] with stochastic depth. Throughout the next sections, we provide both
numerical evidence and theoretical reasoning to support our choices.

Neural operator: standard structure We briefly review NOs [66,65]. Let K, be a linear integral operator (non-local), see Defini-
tion A.3, and W, be the weight matrix (local). The standard layer structure is

Uyt ZUO(Wf+nf+bf)0Uf (4)

(¢ =1,...,L), where o is an element-wise nonlinear activation function, and b, is a bias. For # = 1, we have v; = R(a), i.e., the
parameter a is lifted by the map R, and finally, the output is projected back to the corresponding space by Q, forming the solution
field, u = Q(v; ). We refer to Appendix A.3 for additional explanations.

Sequential neural operators (sNO) Transformers [119,109] adopt a compositional structure, wherein non-local and local layers are
arranged sequentially instead of combining the operations within a single layer. The so-called token mixer (e.g. attention) precedes a
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Fig. 1. sNO is called sequential, as the integral operator is followed by a MLP in a sequential manner. For comparison with the NO, see Fig. A.17.
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Fig. 2. sNO + ¢l without stochastic depth. It is a modification based on the sequential structure in where we incorporate layer normalization and skip connection as
in transformers. For comparison with the NO, see Fig. A.17.

MLP acting on feature space; see Fig. 1. This structure bears resemblance to the one described by Kovachki et al. [65, Section 2.5.1]
for 1-layer NN, and FNOs (the authors of [65] observed that universality is preserved, so it can be expanded to MLP architecture
with M -layers, see Appendix A.3.2).

We introduce the sequential neural operator (sNO). Let f, be a MLP with M-layers (local), [42, Ch. 6]. Then,

w,f = O'O(K:f + bf) OUy, (a) (5)
ey = frow, (b
(¢=1,...,L). See, Fig. 1. If K is convolutional, we find a significant improvement over the relative L2-norm compared to traditional

FNOs for similar parameter count, see Section 2 and Fig. 7.

SNO + €l: sNO with the identity map—skip connection We now incorporate the addition of the identity map on the sNO (in the field of
machine learning, this is referred to as a skip connection). The use of the symbol ¢ in the name is merely to signify that minor changes
have been made to the sNO architecture.

Two variants can be considered: one without, and one with stochastic depth [55], allowing us to access deep versions of sNO + I.
For the sake of brevity, sometimes we may refer to sNO + €1 without stochastic depth as version 1, and sNO + €l with stochastic depth as
version 2, in figures, or tables.

SNO + €l without stochastic depth Incorporating skip connections, that is SNO + I, lead us to Equation (6). The architecture can
be seen as an instance of the metaformer [119]; whence, the token mixer is replaced by an integral operator, and the network is
extended to functional space.® Using a similar notation, we have

¢
Ves1 = (Ig+ froN)ow), (b)
(¢=1,..., L), where 1 is the identity operator, and N is the layer normalization (or any other normalization). (See Fig. 2.)
If K is a convolutional-type kernel, the architecture has similarities with the FNet introduced in Lee-Thorp et al. [77] though these
connections have not been explored in the context of parametric PDEs. The addition of a skip connection in the FNOs architecture
has been previously investigated in the work of You et al. [118]. However, the specific sequential structure used in here is not
presented in the previous work. To provide a comprehensive analysis, we include the ResNet version of FNO in the ablation test
(see Section 4.6) to evaluate its performance alongside the other described architectures. It is worth noting that similarities of the

{ w, = (Ig+00(Ky+bs)oN)ov,, () ©)

5 This has not been done in the previously mentioned paper.
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skip connection in the work of You et al. [118] can also be drawn with sFNO + €l. For example, the skip connection can also be
interpreted as unrolling Newton’s method, see [60,96,7].

In comparing sFNO + €] with NOs and sNOs, we observe improvements in terms of loss and wavefield prediction across various
settings (see Tables 6 to 11).

SNO + €I with stochastic depth Despite the fact that a neural architecture is theoretically universal, in practice, the parameters are
updated using gradient-based methods that cannot exhaustively search the parameter space. It is, therefore, necessary to consider
the limitations of the optimization algorithm and the training data, both of which may render the model non-universal in practice.

One possible approach to address this challenge is to enable the exploration of the optimization algorithm. Huang et al. [55]
introduced the concept of stochastic depth, which involves randomly dropping entire layers of the network using Bernoulli RVs.®
Practitioners have used this approach to facilitate the efficient training of large models. We conjecture that it also enables further
exploration, which intuitively allows the algorithm to find better local minima (this procedure is in the spirit of an adaptive rejection
sampling). We adopt this technique in the final network design:

¢
Upp1 = (Id + Xf ffON)Owlf (b)
(¢=1,...,L), X, is a Bernoulli RV, such that P{X, =1} = p,, and P{X, =0} =1-p, for p, €[0,1], and p; =1, p,,; <p,. N is
the layer normalization (or any other normalization). In Theorem 7.6 and Corollary 8.7, we shall show the relation of RVs in the
generalization error bound (in-distribution and out-of-distribution).

{ w, = (Ig+X, 00K, +bs)oN)ov,, () &

Remark 2.1. As described in [55], at inference time we use the mean of the RVs.

3. Parametric time-harmonic wave equations, forward operator and data generation

Here we present a comprehensive overview of the coefficient to solution map associated with the Helmholtz equation, as well as
the corresponding forward operator. Additionally, we outline the step-by-step procedure for generating the dataset and the guarantees
in place to ensure: (a) independent realizations of the wave speed, and (b) sufficient regularity” in accordance with the theory of
neural operators.

3.1. Time-harmonic wave equations

We consider the propagation of time-harmonic acoustic waves for two dimensional domain D c R2. The waves are given by the
(scalar) pressure field p and (vector) particle velocity v solutions to [36,92]

—ia?p(x) v(x,w) — Vp(x,w) = 0 in D (@,
{ 1% @)+ V-vx,®) = f(x.@) inD  (b), ®)
K(x)

where f is the time-harmonic source of angular frequency w, p is the density and x the bulk modulus. The boundary of the domain
oD =Ty U T, is separated into two, following a geophysical configuration: a free-surface condition is imposed at the surface I';
(that is the interface between the medium and the air), while absorbing boundary conditions [32] are imposed elsewhere (that is, to
truncate the numerical domain), see Fig. 3. These conditions correspond to

p(x,w) =0 on I'; (Dirichlet boundary condition), (9a)

<0V - %) p(x,w)=0 on I'; (absorbing boundary conditions). (9b)
c(x

Upon assuming constant density p, Problem (8) can be rewritten as the Helmholtz equation (see Faucher et al. [37, Remark 1]),

? .
- A+ p(x,w) = —iwp f(x,w), (10)

c(x)?

where c is the wave speed,

c(x)=4)—=. 1
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I'; (Dirichlet BC)
*

1"2 FZ

I'> (absorbing condition)

Fig. 3. Illustration of domain D: Dirichlet boundary condition is imposed on the top (red line, I'}), while absorbing boundary conditions are imposed elsewhere (blue
line, I',). The source (%) is typically positioned near surface. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

wave speed model ¢ (km 5*1) Real part of p Imaginary part of p
v b 5 1
v’ 'l 9'
v \ (( -/ .
4 . () . L) ‘ ’ 0.5
. s, ! e M S
. - s
from ¢ to p solving S R H » - - = 0
3 Equation (10) . . .
- . - -
3 - - ~ 05
(N 5 ® -
2 (4 . . 7‘
— -

Fig. 4. Illustration of the full-wave dataset for experiment that considers a computational domain of size 1.27 x 1.27 km? with a source near surface. The wave speed
and pressure field are represented on a Cartesian grid of size 64 X 64 with a grid step of 20 m. The complete dataset corresponds to 50000 couples made up of a wave
speed model and associated acoustic wave.

3.2. Wave speed to solution map, G : ¢ — p

In the first experiment, the source f is fixed, as well as the frequency w. The operator, G is defined as a mapping from the wave
speed model c to the associated wavefield p, Fig. 4. That is, it gives the solution to the wave equation (10) with boundary conditions
Equation (9) for a given physical model ¢ in the entire domain D. ¢ = G(c) = p. See Fig. 4 for an illustration of the operator when ¢
is a realization of a Gaussian random field.

The dataset corresponds to N couples of wave speed and pressure field, denoted as, (cy,py)x=1... n- The pressure field, p; is
obtained by solving (10) with the corresponding wave speed c,. We use the hybridizable discontinuous Galerkin method (HDG, [36])
and the (open-source) software hawen [35], to obtain p,. The source f in (10) is a fixed point-source, and the frequency is set to 15
Hz. We have the following configuration:

2D domain of size 1.27 x 1.27 km?
Experiment with G 50000 GRF wave speeds generated, imposing 1.5 kms™! < ¢(x) <5 kms™! 12)
The data are p that solve Equation (8) at frequency w/(27z) = 15 Hz.
To ensure a statistical learning framework, we generate independent identically distributed realizations of a Gaussian random
field (GRF) as our wave speed. The process is described in Section 3.4.

3.3. Forward operator F/ : (¢, f, @)~ {p(x;.®, )} ;=1 .

-ollrey

In the following, the term forward operator refers to the forward operator in the context of the study of the inverse problem
for the Helmholtz equation [10] (which maps parameter and source to the data) F({) at frequency w for a source f such that,

F-Z) ()= pC{, |s. The model parameter is the wave speed ¢ from (10), and X corresponds to a discrete set of receiver locations. That is,

For notation, we introduce the restriction

pé |y = {pof)(x1 ), ... pf,(x,,rcv ) }, where x; is the position of the it receiver for a total of n,,.

operator R, which reduces the fields to the set of receivers positions, X, such that R(p) =pls.
The dataset is composed of N . sources, denoted as f, and consists of N pairs of wave speed and restricted pressure field, that

is (ck, R (pif ) )k : i . The restricted pressure field, R (pif ), is obtained by solving (10) with the corresponding wave
=1,...,N; I= N,

~~~~~ sre

6 RVs refers to Random Variables.
7 Nonnegative Sobolev spaces.



J.A. Lara Benitez, T. Furuya, F. Faucher et al. Journal of Computational Physics 513 (2024) 113168

(kms™1)

02 x(km) 10 receiver index 120 10 receiver index 120 »
0. i 5 5 l .
= <
E 4 from ¢ to g _ﬂé 0.5
= Source-to- S = 0
= 3 . 151 3
o Receiver operator *g § 0s
= —
2 _) 2] @ ..
1. 60 [§

-1

GRF wave speed model

Fig. 5. Illustration of forward operator experiment that considers a computational domain of size 1.27 x 1.27 km? with 64 source near surface, and 128 receivers
located slightly beneath the sources’ location. The illustration of the wave field represent the “matrix” response, each row corresponds to a source, and each column
to the pressure field registered by the receivers’ line.

speed ¢, and source f,, then restricted at the set Z. Similar to the experiment with the full modeling operator, the wave speeds are
independent identically distributed realizations of a GRF (see Section 3.4). The data set is illustrated in Fig. 5.

2D domain of size 1.27 x 1.27 km?
50000 GRF wave speeds generated, imposing 1.5 km sl < ¢(x) <5 km 57!

Experiment with F 64 point-sources, located at a fixed depth of 10 m, and 20 m apart along the width 13)
The data are R (pi" ) that solve Equation (8) at frequency w/(27) = 15 Hz.

The line of receivers X is located at a fixed depth 10 m, and 10 m apart along the width
3.4. Wave speeds as Gaussian random fields (GRF) and Whittle-Matérn fields

The wave speed is obtained as the composition of linear transformation and an independent realizations of GRF with the
Whittle-Matérn covariance kernel C, [40,13,87]. The linear transformation T, is a linked function to ensure that the wave speed
is nonnegative, ToZ >0 and Z ~ GRF. A most sophisticated version of this idea is presented in Abraham and Nickl [1] for the
conductivity in the Calder6n problem, the conductivity is also restricted to be nonnegative.

An introduction of Gaussian random fields is presented in Appendix A.5. We briefly discuss the Whittle-Matérn kernel, ([15]
and [21, Sec. 2.2.3]). A real-valued Gaussian random field Z defined on a spatial domain D C R? is a Whittle-Matérn field if its
covariance function C : D x D — R is given by

1-

% v
C,(x, %) = 52 % (Vavra.x)) K, (Vavra.x)) (14)
%
here, s is the variance of the process, I is the gamma function [6], K, is the modified Bessel function of the second kind [16,5],
and v is a positive parameter. Furthermore, v is known as the smoothness of the random field, and r, is the distance, that is, given
x=(x|,...,x;) ER?, and x’ = (x;, ,x(’i) € R4, is defined as

rx,x') 1= (15)

where the vector coefficient 4 = (4, ... A;) defines the correlation length along two points in R?.

The regularity of the Whittle-Matérn field and its generalizations can be readily obtained by viewing the field as a stochastic
partial differential equation (SPDE for short). That is, a GRF Z with covariance function of Whittle-Matérn solves the fractional
SPDE,

L’Z=dW inD, Z=0 onoaD, (16)

for 4 =d +2v and d € {1,2,3} the spatial dimension, dW is Gaussian white noise, and L? is a second-order elliptic differential
operator.

In the case of L = —A + x2,® each realization of Whittle-Matérn field, defined in (14) (4; = 1), coincides with the solution of
(16), and belongs to the Sobolev space H 2p~d/2~¢( D) (P-a.s.9) [15, Remark 2.4]. In the more general case, when L =-V - (cV)+ K2,
which is referred to as the generalized Whittle-Matérn field, the regularity of its solution can be established under mild assumptions
on o, k, and the boundary 0D, see [22, Lemma 4.2].

8 Where A denotes the Laplacian.
9 Almost surely with respect to the probability measure P.
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From (16) and the associated SPDE, we know that the Whittle-Matérn field lies in a “nicer” space than Gaussian white noise. The
use of GRF is motivated by the following. (a) In our construction the wave speed is generated as ¢ = ToZ”, in where T is an affine
transformation and Z” lies in H2/~4/2~¢(D) a.s., specifically d =2, f =1 so ZP e H'-¢(D) a.s., and for all € € [0, 1], the wave speed
lies on non-negative Sobolev spaces. The field satisfies the conditions in [65, Theorem 2.5]. If we would have ¢ € L*(D), the operator
G would not be covered by the universality in [65].'° (b) GRF samples are easily generated, and for the case of Whittle-Matérn field,
the variance, smoothness, and correlation length are easy to control; this observation plays a crucial role in Section 5 to test the
out-of-distribution behavior. (c) This distribution is independent of the grid resolution. (d) GRF are often used in Bayesian statistics as
prior probability measures with covariance kernels related to the Laplace operator ([97, Section 2.1], [24] and [21]).

Remark 3.1. The parameters in the experiments are the following: d =2, s =1, 4; = 4, =0.1, and smoothness coefficient v=1.
For the implementation of Gaussian fields, see [30,87,69], and particularly [15].

4. Training and testing in-distribution for G

In this section, our focus lies on training the architectures to accurately predict the coefficient to solution map G for the Helmholtz
equation at a frequency of 15 Hz, (10). For the sake of completeness, more experiments with different frequencies and domain’s
configuration are presented in Appendix E.4. Throughout this section and Appendix E.4, all the models are tested with in-distribution
data. However, we significantly increase the test set compared to traditional applications of deep learning.!! We choose a test set
of the same size than our training. This choice enables us to obtain more reliable estimates of the neural operators’ generalization
capabilities specifically for in-distribution data. A detailed analysis of the generalization to in-distribution data is presented in
Section 8.

Remark 4.1. The code is publicly available at [75], and the dataset is located at [74].

Remark 4.2. In our experiments, we adhere to specific constraints. When adjusting the parameters of the networks, the increase
in the parameter count is typically negligible, adding around 100 additional parameters to maintain comparability with the base
neural operator. If we increase the number of layers, it is based on mathematical considerations, particularly when incorporating
stochastic depth. We consciously refrain from increasing the training epochs or the size of the training dataset. Our emphasis is on making
fundamental changes to the network architecture rather than compensating for these alterations by merely expanding the model’s
capacity, dataset size, or training time.

4.1. Neural operator “prediction” of the wavefield

Upon the previous constraints, we conducted training on the wave dataset as described in the previous section for all the neural
networks outlined in Section 2. The results shown in Fig. 6 clearly demonstrate that each architecture leads to a superior reconstruc-
tion of the wave field. The figure displays only the real part of the wave field. For the approximation of both the real and imaginary
parts of the pressure field, we refer to Appendix E.6.

4.2. Hyperparameters of the neural networks

The summary of parameters used in the training is presented in Table 2.

The Fourier modes represent the truncated Fourier modes in the approximation of the integral kernel per layer X, as described
in [82]. The number of layers represents the compositions of equations of the form Equations (4) to (7), The positional encoder
means that the wave speed, c, is input in the neural operators as a couple {(c(x[, yk),T(xi),T(yk)) }Z - Here, T denotes an affine
transformation applied to each grid realization to move the grid to the interval [0, 1] X [0, 1] usually for training stability.

The feature space refers to the range of the lifting operator (as explained after Equation (4)), denoted as R.'? It maps R? to R,
with (c(x,-, Vi) T(x,-),T(yk)) being transformed to v;(z;,...,236) = R (c(x,-, yk),T(x,-),T(yk)) € R3, It is implemented using a 2-layers
MLP with weight matrices, I/VlR € R!33 and W2R € R3%%18 and bias bf eR!S, bf RIS,

The projection, Q,'° maps v 1(Z1,...,23¢) € R36 to c(x;,y) € R2, with a linear affine transformation such that W€ e R?3¢ and
b2 € R2. We associate R? with C to recover the imaginary and real part of the solution.'*

In our experiments, we do not implement dropout. For stochastic depth (also known as drop path), the random variables have a
linear decay. The probability is set as follows in the experiments, P{X; =1} =1 for the first layer, and P{X; =1} =0.7=1-0.3 for
the last layer, [114]. For the layers in between, a survival probability is assigned using linear interpolation.

L* is not a separable Banach space.

We deliberately avoid using the traditional 80:20 split of training and test data.
Lifting map, following notation in [65].

Projection map, following notation in [65].

Pressure field.
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Fig. 6. Comparison of the reconstructed wavefields obtained with the different architectures (middle row) and relative error with the reference solution (bottom row).
The circles and rectangles serve as a visual aid to highlight the distinction in the propagation of waves. The dataset corresponds to wave propagation from Gaussian
Random Field realizations of wave speed in a domain of size 1.27 x 1.27 km?, with reference wavefield obtained by solving the wave PDEs with software hawen [35]
(top row).

The architectures used in our study have similar parameter counts, except for sFNO + €I with stochastic depth (v2). This ar-
chitecture consists of four stages, each containing a different number of blocks. Specifically, the number of blocks in each stage is
k €[3,3,9,3], and the blocks follow Equation (7). This results in a total of 21 layers, with each layer truncated to 12 principal modes
in the Fourier expansion of X, and the feature spaces of dimension 36.!° The parameter for the other networks, namely FNO, sFNO,
and sFNO + ¢l without stochastic depth (v1), are essentially the same.

Number of parameters of the neural operators As mentioned earlier, both sSFNO and sFNO + €] have a similar “size” to FNO when
stochastic depth is not considered. However, the significant difference arises when stochastic depth is incorporated, resulting in a
much deeper neural network. In all the networks, the lifting and projection components have parameter counts of 756 and 685,
respectively.

The main part of the networks, which encompasses the “operator” layers described in Equations (4) to (7), are divided into two
categories: layers without stochastic depth, and layers with stochastic depth. In the former type (Equations (4) to (6)), the parameters
are fixed at 1.5 million for all the layers, while in the case of sSFNO + €Iv2 (Equation (7)), the parameter count increases to 8.1 million.

15 That is for each (x;,y,) we have R (c(x;,3,), T(x,), T(y,)) € R®.

10
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Table 2

Architectures’ parameters. The networks recovered the real, and imaginary part of the pressure field,
i.e., the output is a vector field in R?> which can be associated with C, and the projection operator is
simplified by a linear layer instead of a MLP to speed up the training process. The only architecture
that differs is (SFNO + €I) version 2 (with stochastic depth).

Model FNO sFNO (SFNO + eD)vl (SFNO + €l)v2
Fourier modes: 12 v v v v

Layers: 4 v v v 13,3, 9, 3]
Features: 36 v v v [36, 36, 36, 361
GeLU v v v v

Positional Encoder [0,12 v/ v v v

Lifting 351836 3-18-36 3-18+-36 318+ 36
Proj. 362 362 362 362
Dropout X X X X

DropPath X X X 0.3

Table 3

Magnitude of the relative L?-norm. Multiple realizations of the
trained networks with different seeds. Each row represents a
different realization, and the values correspond to the test loss
after training. The visualization of the table is presented in

Fig. 7.
FNO SFNO (sFNO + £D)v1 (sFNO + €D)v2
0.174050  0.119564  0.097434 0.046988
0.180532  0.115850  0.089249 0.042121
0.145947  0.110553  0.096739 0.041300
0.153028  0.102238  0.097211 0.045696
0.144907  0.102998  0.102930 0.049157
0.172738  0.103829  0.092119 0.037969

4.3. Training of the experiment

For all the architectures we employ the AdamW optimizer [88] with an initial learning rate of 1073, We utilize a linear step
scheduler with parameters: step size = 40, and a multiplicative factor of learning rate decay of y =0.5.

The number of epochs is set to 100 (300 epochs yielded the best results for sFNO + el with stochastic depth, but this is not
documented here as we try to keep the same parameters across networks). In all architectures, we apply a small L? weight regularizer
with a parameter of 10=>. The training process is conducted using 25,000 out of 50,000 generated samples Equation (12), while 5,000
samples are used for validation, and 20,000 for testing. Our testing dataset is substantially larger than what is typically encountered in
the machine learning literature. This choice reflects our objective of showcasing the networks’ generalization capabilities.

4.4. Multiple random initializations

To ensure the consistency of our results, we train each network using six different random initializations of the parameters and
in consequence, different trajectories of the optimization algorithm. The trend is consistently observed across all initializations, as
depicted in Fig. 7. The values of the relative L2-loss among multiple training paths can be found in Table 3.

4.5. Visualization of the loss landscape

The observed differences in the performance of the four considered architectures prompted us to study their respective learning
landscapes in search of structural characteristics that could explain the results. To that end, we sampled the training loss in a
two-dimensional domain spanned by the first two principal components of the learning trajectory [79]. By construction, this planar
domain best captures the portion of the landscape visited during the training of each model and, therefore, may offer valuable insight
into the training convergence.

Corresponding results are shown in Fig. 8.

As can be seen, the landscapes fall into three major categories. The FNO landscape is characterized by the presence of a shallow
and irregular crease-like structure that runs across the domain. The sFNO and sFNO + €I landscapes share remarkable similarities,
which is consistent with the similar loss values shown in Table 3. Both possess a well-delineated and deeper convergence basin.
Finally, the sFNO + €l v2 landscape exhibits a crease-like structure similar to the one seen in the FNO landscape, but its topology
is much simpler, and the central anisotropic basin is the deepest of all considered models. We refer the reader to Appendix E.1 for
more visualization.

The level sets are plotted with a spectral (rainbow) color map that contrasts with the underlying landscape color scale (shown).
The associated values are visible. The individual points along the trajectory in each landscape show every 10th training epoch, and

11
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Fig. 7. Violin plot [52] of the test-loss in Experiment 15 Hz of (10). Each architecture is trained 6 times, the rel. L2-loss, |G™" — G*™| . /|G*'|.., on the test set.
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Fig. 8. Learning landscapes of the four considered models. The loss is visualized in logarithmic scale. Level sets reveal significant differences in topologies.

the orange color saturation encodes the epoch. The increased geometric complexity along the diagonal crease present in the FNO
and sFNO + ¢l v2 landscapes was handled with a refined sampling of the training loss in the corresponding area. The principal
components that span the two-dimensional sampling domain were computed by splitting real and imaginary parts of the layers’
complex weights to form the large column vector representations of each model in the covariance matrix.

4.6. Ablation study

We have already conducted a study of ablation to some extent by the design of the networks. For example, when the skip
connection is removed, SFNO + €I without stochastic depth (V1) reduces to sFNO. Similarly, when we set P{X, = 1} =1 for all layers
¢, then (SFNO + €I)v2 reduces to (sSFNO + I)v1.

12
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Fig. 9. Test-loss with no activation 15 Hz of (10). Each architecture is trained 6 times, the rel. L-loss on the test set.

Table 4
Test-loss with no activation 15 Hz of (10). Each architecture is trained 6 times,
the rel. L?-loss on the test set.

FNO FNO residual sFNO (SFNO + eD)vl (SFNO + €l)v2
0.873029  0.219886 0.107912  0.096015 0.130741
0.880681 0.250052 0.110204  0.096212 0.115885
0.885039  0.212233 0.119039  0.099064 0.105632
0.896779  0.245763 0.118050  0.105330 0.086690
0.878160  0.233708 0.112514  0.111709 0.108062
0.886912  0.250634 0.115919  0.104147 0.090379

In the following, we explore the changes in activation functions, with a particular focus on the identity activation, o(x) = x for
the Fourier layers. Additionally, we investigate the behavior of the residual version of FNO as described in You et al. [118]. The
parameters are prescribed in Table 2.

We adopt a strategy similar to Section 4.4, training each network multiple times with different random seeds to ensure the
consistency of our empirical findings.

In the case where no activation is used in the Fourier layers, we observe that sNO achieves a lower relative L2 loss compared to
FNO supported by results in Fig. 9 and Table 4. Notably, even when FNO is trained with a non-linear activation function (as proposed
in Li et al. [82]), sNO consistently exhibits a significantly smaller test loss. This distinction can be observed by comparing the first
violin plot in Fig. 7 (detailed values are presented in Table 3), Fig. 10, and Fig. 11 representing FNO with GeLU, leaky-ReLU, and
ReLU, activation functions respectively, with the third violin plot in Fig. 9 (see values in Table 4). Additionally, the second violin
plot in Fig. 9 also presents the residual implementation of FNO. There is a significant improvement observed over FNO.

The results obtained from Figs. 7 to 11 demonstrate that the residual architecture aligns with the findings of You et al. [118]. In
every case, we observe a noticeable improvement in the relative L2-loss.

Among the different architectures, sNO achieves the most significant improvement compared to the previous architecture. Within
the activation functions, Leaky-ReLU and ReLU exhibit the most significant change when transitioning from the architecture FNO
to sNO. In contrast, when the identity activation is used in the Fourier layers, sSFNO + €I with stochastic depth does not show a
noticeable improvement compared to its counterpart (sSFNO + eI)vl. However, in all cases where a nonlinear activation is employed,
(SFNO + €I)v2 consistently outperforms other architectures without any sign of overfitting. Notably, for ReLU and Leaky-ReLU
activations, the potential benefits of the skip connection are difficult to observe, when compared to sNO.

5. Testing out-of-distribution analysis (OOD) for G

In this section, we study the out-of-distribution (OOD for short) behavior for all the architectures. Specifically, we investigate
how the models perform when faced with perturbations in the covariance operators of the Gaussian fields used for training. Our
findings demonstrate that the sSNO + €I architecture with stochastic depth shows resilience to these perturbations. However, despite
these encouraging results, the theoretical understanding of the impact of Bernoulli’s random variable on the generalization ability of
the neural operators in the context of OOD is still in its early stages. To provide further insights, we present a theoretical analysis in
Section 7 for Gaussian measures.

13



J.A. Lara Benitez, T. Furuya, F. Faucher et al. Journal of Computational Physics 513 (2024) 113168

Helmholtz 15 Hz (leaky_relu)
0.200 .

0.175

0.150

0.125

relative L2)

0.100

0.075

0.025

Test Loss

0.000
FNO FNO_residual SFNO SFNO_epsilon_v1 SFNO_epsilon_v2
Architectures

Fig. 10. Test-loss with Leaky-ReLU 15 Hz of (10). Each architecture is trained 6 times, the rel. L2-loss on the test set.
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Fig. 11. Test-loss with ReLU 15 Hz of (10). Each architecture is trained 6 times, the rel. L?-loss on the test set.

We recall from Section 3.4, and particularly (14) that the Whittle-Matérn fields have three essential parameters: variance s,
smoothness v, and correlation range A. As mentioned in Section 4, the neural operators were trained using Gaussian random fields
(GRF) with an isotropic Whittle-Matérn covariance operator such that the wave speed ¢ varied between 1500 and 5000, 1 =(1,1),

and the smoothness coefficient is v = 1. Throughout this section the models obtained in Section 4 are not retrained. We refer to the settings
in (12), and Remark 3.1 for details.

5.1. OOD experiments with different correlation and affine transformation

We investigate the effect of changing the correlation parameter A and the range on which the wave speeds vary. Adjusting 1
modifies the correlation range of the field. The scenario where 4; # A, in equation (14) is particularly interesting as it introduces
non-euclidean distances and leads to the generation of anisotropic fields. The range of the wave speeds are adjusted using a different
affine transformation denoted as T, as explained in Section 3.4. Here, we keep the smoothness coefficient fixed, ensuring that the
wave speeds remain within the same Sobolev space as the training data. Then, the new realizations of the wave speeds are given by
¢/ =T 0Z%1+%2)  in which T’ changes the wave speed interval, and (4, 4,) the correlation of points in the domain.

To generate new samples of the wave speed ¢, we sample GRF following the parameters described in Table 5. For each family,
we generate 100 samples and we obtain the corresponding solution of Helmholtz using the software hawen. The smoothness of c,
domain’s configuration D, source position, and frequency w are fixed following (12).
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Table 5
Parameters for the experiments out-of-distribution. 1 = (4,, 4,) is
defined in Equation (15). The parameter v is fixed to 1.

GRF model A Ay wave speed interval

Training (baseline) 0.10 0.10 [1500, 5000]

OOD family 1 0.20  0.20  [1500,5000]
OOD family 2 0.10  0.20  [1500,5000]
OOD family 3 0.20  0.20  [2000,3500]
OOD family 4 0.10  0.20  [2000,3500]
OOD family 5 0.10  0.30  [2000,6000]
OOD family 6 0.25  0.75  [2000,6000]
Table 6
Relative test loss of three networks tested with the probability defined
by family 1.
00D 1 FNO sNO (sFNO + eD)v1 (SFNO + €]) v2
model 1  0.6689  0.6025  0.5341 0.2502
model 2 0.6842  0.5437  0.5451 0.2347
model 3 0.6817  0.5837  0.5404 0.2428
Table 7
Relative test loss of three networks tested with the probability defined
by family 2.
00D 2 FNO sNO (sFNO + eD)v1 (SFNO + €]) v2
model 1 0.6602 0.6106 0.5438 0.2340
model 2  0.6715  0.5644  0.5561 0.2239
model 3 0.6726  0.5959  0.5509 0.2407
Table 8
Relative test loss of three networks tested with the probability defined
by family 3.
00D 3 FNO sNO (sFNO + eD)v1 (SFNO + €]) v2
model1  0.5116  0.4368  0.3645 0.1324
model 2 0.4757  0.3490  0.3678 0.1220
model 3 0.5001  0.4061  0.3490 0.1368
Table 9
Relative test loss of three networks tested with the probability defined
by family 4.
00D 4 FNO sNO (sFNO + el)vl (SFNO + €]) v2
model 1  0.5249  0.4685  0.3845 0.1335
model 2 0.4992  0.3798  0.3869 0.1249
model 3 0.5146  0.4264  0.3713 0.1376

Empirical analysis of OOD for each family For the experiment, we selected three out of the six previously trained models (specifically,
the first three models in Fig. 7) that utilized the GeLU activation function, see Section 4.4. We recall that we have obtained an
estimation of the expected error within the distribution by evaluating the empirical loss in a test data set of the same size as the
training data set,'® for more details we refer to the training baseline in Table 3, and Section 4.3.

By sampling multiple realizations of new random fields according to the families outlined in Table 5 we are able to estimate
the expected error of the trained network with respect to these new probability distributions, and in consequence the robustness
of the networks towards these changes. This enables us to assess the models’ performance on the new samples and evaluate its
generalization capabilities beyond the in-distribution data.

The empirical results for all architectures are presented in Tables 6 to 11.

The families presented in Tables 9 to 11 exhibit anisotropy due to the difference in the values of 4; and A,. When considering the
relative L? loss as a reference, it is evident that the trained FNOs perform significantly worse compared to other neural operators.
This indicates that FNOs may struggle with generalizing to new distributions. However, we observe that the sSNO + €I architecture

16 We trained the models using a dataset of 25,000 samples and evaluated their performance on a separate test dataset also consisting of 25,000 samples.
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Table 10
Relative test loss of three networks tested with the probability defined
by family 5.
OO0D 5 FNO sNO (SFNO + £D)vl (SFNO + €]) v2
model 1 0.9248 0.8698 0.8827 0.3899
model 2 0.9471 0.8379  0.8209 0.3910
model 3 1.0488  0.9269  0.8130 0.4188
Table 11
Relative test loss of three networks tested with the probability defined
by family 6.
00D 6 FNO sNO (sFNO + el)v1 (SFNO + €]) v2
model 1 0.9707  0.8903  0.9606 0.4426
model 2 1.0087  0.8851 0.8576 0.4585
model 3 1.1578  0.9831 0.8712 0.4864
Table 12

Parameters for the experiments out-of-distribution. 1 = (4;,4,) is
defined in Equation (15). The parameter v is changing.

GRF model Ay Ay wavespeed interval v

00D family 7 0.10  0.10  [1500,5000] 0.5
OOD family 8 0.10  0.10  [1500,5000] 3.5
OOD family 9 0.25 0.75 [2000, 6000] 0.5
OOD family 10 0.25  0.75  [2000,6000] 3.5

coupled with stochastic depth demonstrates notable robustness when faced with changes in distribution across all the families. In
particular, we notice for the experiments in Table 11 where both T’ and 1 are changed, the sFNO + £Iv2 exhibits superior adaptability
compared to other architectures, resulting in test losses that are half the values of any other neural operator.

OOD wave field “prediction” by the neural networks In Fig. 12, we present the wave field predictions of the trained networks from
family 6. The figure showcases two samples from family 6, illustrating the shortcomings of the FNO in accurately reproducing
the desired behavior. In particular, we emphasize the discrepancy within the green rectangle, which indicates a notable deviation
between the predicted wave field and the ground truth. This discrepancy further highlights the limitations of the FNO in capturing
the complex dynamics of the wave propagation from different distributions. Among the models considered, it is observed that only
the sFNO + €Iv2 model is capable of accurately predicting admissible wave propagation in the family 6.

5.2. OOD experiments changing the smoothness of the field

Here, we change the smoothness of the wave speed by modifying the parameter v. We recall from (16) that the regularity of the
field, f is directly connected with the dimension d of the domain (in our case d = 2), and the coefficient v (in our training v = 1).
Thus, by changing v, we generate Gaussian random fields of different Sobolev regularity, than those using in the training dataset.
Our experiments are divided into two categories. (a) We first keep all but v parameters fixed, as described in Remark 3.1, that is,
we only change the Sobolev class of the wave speed without altering any other factor (e.g. if the field is isotropic or anistropic). (b)
Finally, we move the rest of the parameters, by following the description of the family 6 in the Table 5, the “hardest” family in terms
of solution field prediction and test loss, see Table 11.

Empirical analysis of OOD for each family We follow a similar procedure as in the previous subsection. We select three out of the
six trained models shown in Fig. 7) and evaluate their performance against 100 realizations of the wave speed for each of the new
families described in Table 12. We notice that the first two families preserves the rest of the parameters as in our training baseline,
while in the last two all the parameters are changed.

In the selection of v =0.5 and v = 3, the random fields in families 7 and 9 have Sobolev regularity H 1/2=¢( D), while the random
fields Z in families 8 and 10 have Sobolev regularity H3+!/2-¢(D), almost surely. This is in contrast to the training data set, which
lies almost surely in H 1-¢(D) for any & > 0. For families 9 and 10, the wave speeds ¢/ =T'oZ (41-02) are different on each aspect than
the training set. The affine maps T’ are different from those used in the training. The correlation range A = (0.25,0.75) differs from
the training correlation range, introducing anisotropy into the fields. Furthermore, the regularity of each realization in these families
also varies from the baseline.

The empirical results for all architectures are presented in Tables 13 to 16.

OOD wave field “prediction” by the neural networks (different smoothness) We showcase the performance of the trained networks by
presenting wave field predictions for family 9 and 10, which correspond to rough and smooth anisotropic fields, respectively. These
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Fig. 12. OOD (family 6). Real part of the wave field of OOD family 6. Anisotropic case, see Table 5 and Appendix E.25. The green square positioned on the image
serves as a visual aid to help identify and compare the differences in the reconstructed fields.

Table 13
Relative test loss of three networks tested with the probability defined
by family 7.
00D 7 FNO sNO (SFNO + eD)v1 (SFNO + €I) v2
model 1 0.3257 0.3037 0.2889 0.1814
model 2 0.3244 0.3207 0.2905 0.1748
model 3 0.3261 0.3024 0.2921 0.1845
Table 14
Relative test loss of three networks tested with the probability defined
by family 8.
O0D 8 FNO sSNO (SFNO + eD)v1 (SFNO + €I) v2
model 1 0.5508 0.4836 0.4621 0.2547
model 2 0.5527 0.5001 0.4706 0.2137
model 3 0.5547 0.4771 0.4604 0.2235
Table 15
Relative test loss of three networks tested with the probability defined
by family 9.
00D 9 FNO sSNO (SFNO + eDv1 (SFNO + €I) v2
model 1 0.9328 0.7053 0.6249 0.4419
model 2 0.9209 0.8811 0.7141 0.3303
model 3 0.8794  0.7270  0.6231 0.3167
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Table 16
Relative test loss of three networks tested with the probability defined
by family 10.

OO0D 10 FNO sNO (SFNO + eD)vl (SFNO + €]) v2
model 1 1.1806 0.8269 0.8217 0.5586
model 2 1.1391 0.9973 0.8727 0.4133
model 3 1.1049 0.8957 0.7825 0.4096

wavefield Re(p) (reference)

(sFNO + eD)v1 (sFNO + &l)v2

- 1
&, 7
. “bj 0.5
- J # o
e
- -0.5
A ,
difference |pref = pNN/prefi,
107!
1072
1073
; 10-4
sFNO (sFNO + el)v1 (sFNO + el)v2

Fig. 13. OOD (family 9). Real part of the wave field of OOD family 9. Anisotropic case, with v =0.5 see Table 12. The green square positioned on the image serves as
a visual aid to help identify and compare the differences in the reconstructed fields.

(SENO + el)v1 (SFNO + &l)v2

00D 10 ¢ (kms™!)

1074

i J A Y
SENO (SFNO + el)vl (sENO + eD)v2

Fig. 14. OOD (family 10). Real part of the wave field of OOD family 10. Anisotropic case, with v =3.5 see Table 12. The green square positioned on the image serves
as a visual aid to help identify and compare the differences in the reconstructed fields.

families pose a greater challenge for the neural operators, as evidenced by the test loss values shown in Tables 15 to 16. In the figures,
we highlight in green some of the main discrepancies between the predicted wave fields of the architectures, and the reconstruction
by numerical methods. These discrepancies serve to illustrate the limitations and areas where the models may fall short in accurately
reproducing the desired behavior. (See Figs. 13 and 14.)

Remark 5.1. We finally notice that the sFNO + €l network has promising results with respect to the BP 2004 [12] model. See
Appendix E.3. It is worth noting that these findings go beyond the scope of the current theoretical framework described in Section 7.

6. Hyperneural operator as a surrogate model of the forward operator: F/ : (c, ) —~ {p(x I =1,

We propose a hyperneural operator as a surrogate model for the forward operator associated with the inverse boundary value
problem for the Helmholtz equation, as discussed in Section 3.3. Our experiments are based on two key assumptions that persist
throughout this work: (1) the sources are point sources, and (2) the output is a fixed-size vector, representing measurements of p at
the receiver locations. These assumptions align with the typical practical considerations of seismic wave propagation in an acoustic
medium. However, in Equation (19), we provide a potential relaxation of the first assumption to accommodate more general sources.
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Fig. 15. Hypernetwork surrogate of the forward operator used in the experiments. We call the network inside the dashed rectangle a metanetwork, and the bottom
network a hyperneural operator.

Notice that the direct application of a neural operator or any other derived architecture is difficult for the following reasons.

(a) The representation of the forward operator using neural networks faces challenges due to the distinct computational properties
of point sources and wave speed. Wave speed can be discretized as a matrix (x, c(x)), while point sources are defined by their
spatial position 6, <> x. To approximate the forward operator, a neural network must handle inputs of different natures (a point
and a matrix) and generate an output with fixed discretization, based on the receiver positions.

In our experiments, the wave speed is discretized with a spacing of approximately 20 meters. However, point sources may
not align precisely with the grid points of the wave speed field c. For example, the support of 6,, where x = (x, x,), may not
necessarily be a multiple of 20. These discrepancies require careful consideration in designing the neural network architecture.
The networks need to exhibit discretization invariance for both the wave speed parameter and the position of sources while
ensuring that the output is discretized based on the receiver locations.

(b) From a theoretical perspective, the forward operator is as a map from a function space to a linear bounded operator (the data
operator). By construction, neural operators only deal with maps from functions to functions, not from functions to operators
(some interesting alternatives are proposed in [95] and [25]). See Beretta et al. [10, Sec 2.1] for the description of the forward
operator in the time-harmonic case.

Given the previous difficulties, we proposed a hypernetwork solution, partially inspired by the empirical work of [120] and the
theoretical results on hypernetworks of [2], subsequently improved in [38]. See Fig. 15.

Remark 6.1. Although our primary focus has been on the experimental implementation of the forward problem, we will consider
the inverse problem in the future. Bayesian statistical approaches of the inverse problems such as Markov chain Monte Carlo [103]
and ensemble Kalman filter [56,57] are commonly employed in inversion. However, these methods rely solely on the forward
operators, but the computational challenge arises from multiple forward models. Our approach provides a surrogate forward
operator, that, once trained, enables straightforward and efficient computation of multiple forward models. Therefore, we anticipate
that by combining Bayesian statistical approaches with our method, we will be able to solve Bayesian statistical inverse problems.

Architecture The layers £, for k = 1,2 in the Fig. 15 are simple layers of Euclidean neural networks, that is £, (x) = oo (Wk‘ + b;) ox.
So that, [ch, bi] = &,0G(c), where & is an encoder sending the values of G(c) to a fixed parameter size, determining the capacity
of the metanetwork (dashed rectangle from Fig. 15). A more general setting can be considered from the layers £, depending on the
nature of the sources (point-sources type or more general sources). However, given the simplicity of the Source-to-Receiver map, and
the imposed discretization in the output, we can associate the point-source with its support x = (x;, x,) and the output is discretized
by the number of receivers, corresponding to the columns of the of response matrix in Fig. 5. The main difficulty of the approximation
is coming from the nonlinear dependency of the Helmholtz equation with respect to the wave speed.

We have the following association, if we call the metanetwork A" A" and the hyperneural operator G, then for a point-source 62
we have

NN (62,0()) = NN (62, 8NP 0G(c)) ~ R(pPx®), az)

where R is a restriction operator which reduces the fields to the set of receivers positions Section 3.3, and ©(c) = &™ProG(c) € C™. In
experiments, we see that a layer-wise form as Fig. 15 is more stable in the presence of the optimization algorithm. Similar conclusions
were drawn in [120].
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From Equation (17), it is evident that the point source is independent of the discretization used for ¢, and multiple sources can
be implemented efficiently, by increasing the vector inputs, indicating the source’s position. This means that the support of the
point source can be finer than the discretization of c. On the other hand, the encoder, &P is used in a similar manner as in
DeepOnet described in Lanthaler et al. [71]. Its purpose is to map the range of G (the functional space) to a finite-dimensional space
C™, which contains the parameters of the neural network N'A'. Namely, £oG : H — C™, where H represents the functional space
where each realization of ¢ lies. In our case, H can be identified with H2/—d/2-¢ (D), as the wave speed are realizations of the
Whittle-Matérn field (see Section 3.4). Finally, the dimension m in C™ depends on the capacity chosen for the metanet family, N’V .
In our experiments, we restrict it to a small two-layers network.

If f are not point-sources, N’ can be expressed firstly by one global operator layer, followed by a second encoder &M as the
output is always discrete given the position of the receivers. That is,

NN(f,0(c)) = &2 oMLP? o IDFT (Gij(f)DFT(f )) ~R (p/), (18)

and O(c) =1[6,,0,] = EMP o G(c). Rather than (18), more general operator layers, neural operators, or DeepOnet networks can be
used as a metanetwork. However, Equation (10) is linear with respect to f for a fixed ¢ and w.
The most general form of the NN is

NN(f.0(c)) = ™M oMt £, EMPToG(e)) m R (p/ ) (19)

for ©(c) = EMPToG(c), and NN = &Metogmeta - composition of an encoder sending the values to the position of the re-
ceiver, and an operator network GM'?, Notice that &™'? is playing a similar role to the restriction operator R. Moreover,
¢ > Emetaggmeta(. ohyper o Gc)) can be realized as an observational operator.

“Prediction” of the “matrix” response for the forward operator The wave field reconstruction at the receiver position, by probing
multiple point sources is presented in Fig. 16. The rows correspond to the multiple point sources, and the columns to the pressure
field detected at multiple positions of the domain. In the top left side, we appreciate the wave speed, and bottom left side, the error
of the approximation. The dataset of the experiment is described in Section 3.3, and the network is a special case of (19), exactly
described in Fig. 15.

Details of the experiment We employ the AdamW optimizer [88] with an initial learning rate of 10~3. We utilize a linear step
scheduler with parameters: step size = 40, and a multiplicative factor of learning rate decay of y = 0.5. The number of epochs is
set to 100. In all architectures, we apply a small #, weight regularizer with a parameter of 107>, Given that we already restricted
the training to the empirical analysis of the architectures, the training process is conducted using 40,000 out of 50,000 generated
samples, while 5,000 samples are used for validation and 5,000 for testing.

The relative L?-error is 3 x 10~2. In the implementation, £oG(c) € R*" and the complex-valued product is defined independently.
Also, we did not split the learning rate from the metanetwork and hypernetwork, nor did we incorporate a more robust feature-
extractor, as [120]. Provided that the sources are point sources, the complexity of the task is encoded in the high capacity of the
neural operator defining the metanetwork. The latter is a residual network with 2 layers, and leaky ReLU activation.

7. Out-of-distribution under Gaussian sampling

While Section 5 presents the empirical out-of-distribution performance of our network design, specifically in the context of
time-harmonic waves, we consider here an analysis of the out-of-distribution phenomenon under centered Gaussian measures for
Banach spaces. We recall from Section 3.4 that the Whittle-Matérn field belongs to the spaces H2/~/2-¢(D) a.s. for all & > 0. The
Whittle-Matérn field generates a centered Gaussian measure on the Hilbert spaces to which it belongs, see e.g. [23, Proposition
2.18]. This property holds under mild assumptions of the negative fractional power L=/, as described in [22]. Here, L represents
the second-order elliptic operator presented in Equation (16).

We introduce the general framework for analyzing the out-of-distribution risk. (a) We defined the centered Gaussian measures
on Banach spaces, (b) the Cameron-Martin spaces, and (c) the Wasserstein distance. Building upon these concepts and the powerful
tools provided by Gaussian measures, we establish upper-bounds for the out-of-distribution risks associated with each of the archi-
tectures discussed in this paper. These bounds are expressed in terms of the Lipschitz norms of the neural operators. This theoretical
foundation allows us to gain insights into the behavior of the neural operator family when confronted with data distributions that
differ from the training distribution, as demonstrated in the experimental results in Section 5.

Remark 7.1. The main distinctions between the measures presented in this chapter and the ones discussed in Section 5 can be
summarized as follows: (a) in Section 5, we apply an affine transformation T to the Whittle-Matérn field, ToZ, in order to ensure
non-negativity, which corresponds to a non-negative of the wave speed. (b) The measures introduced in this chapter exhibit a higher
level of generality.
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Fig. 16. Forward operator. Approximation of the forward operator by hyperneural operators.

7.1. Preliminaries

Our main theoretical results supporting the out-of-distribution performance of our neural operators require some background
notions from optimal transport and the theory of Gaussian measures on Banach spaces, which we now review.

The order one Wasserstein distance In what follows, we make use of the Wasserstein distance of the order one between any two
probability measures y and v, denoted by W, (u, v). By the Kantorovich-Rubinstein duality, see [110, Theorem 5.10], W, (u, v) has the
form

Wi, v) = sug Euyop Lf (@)l = E( ., [f(a, )], (20)
€
I7lip<t

where .7 is a class of the Lipschitz continuous operators mapping from X X Y to R, and ||- |, is the Lipschitz norm'” defined by

@ -fGol
ip - = ,u)| + —_——— >L s 21
Il i=sup 1@l + sup el > Lin() 2

. . |f(a.w)—f(b,v)|
where Lip(f) := SUP (g.u)(b.) @Gy

Centered Gaussian measures on Banach spaces Let X be a separable Banach space of functions from D to R% and )’ be a separable
Banach space of functions from D to R%. Recall that X x ) is also a separable Banach space, when normed by
1Ge Py 2= (X% + V1512

Let us briefly recall the definition of a Gaussian measure on a Banach space.

7 ||Lip is simply the W norm. See Appendix A.1 and the reference therein.
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Definition 7.1 (Gaussian measure). A measure uy € P;(X) is said to be centered and Gaussian if, for every continuous linear func-
tional E € X* the measure E,uy is a zero-mean Gaussian on R. The weak variance T of u is defined to be

L=  sup E,., [E*a)]/%
EeX* || E|<1

Associated to every centered Gaussian measure, we may define a small ball function y : (0,0) = R as

w(n) :=—log (ux(B(©O,n)),

for every n > 0. There is a reproducing kernel Hilbert space }, naturally associated to uy which is the completion of the range of
the map S : X* - X sending any E € X* to the Bochner integral'® S(E) := /ae)( E(a) - a py(da) with respect to the inner product
(*,*)uy» defined for any E, F € X* by (S(E),S(F)), := [,c, E(@)F(a)px(da). We denote the induced norm on H, by || ”Hux;
which is induced by an inner product, see [67]. In fact, H,,, is a reproducing kernel Hilbert space with a relatively compact unit
ball, called the Cameron-Martin space associated with the centered Gaussian measure . In fact, the Cameron-Martin space H,
characterizes py, see [76, Chapter 8] for details (we will briefly review the Cameron-Martin space in Section A.6).

Since the closed unit ball BH”X 0,1) of H”X is compact (see'® [76, Lemma 8.4]), then its metric entropy H hix () :=log(N hx ()

are finite; where NMX (¢) :=min{neN_ : Ixq,...,x, € BHux 0,1)s.t. Vx € BHuX O,1)3i €[n] s.t. ||x — xillH”X < g} is the covering

number?® of BHu (0,1). The key connection between the small ball function y, a probabilistic notion, and entropy numbers, a
X
constructive approximation theoretic tool, is that estimates on the growth of one imply estimates on the growth of the other.

7.2. Out-of-distributional generalization

Consider an “unknown” L*-Lipschitz (non-linear forward) operator G* : X — ¥, a sampling distribution u, € P,(X), that is
E X~;4X[||X llx] < o0, and a sequence of i.i.d. samples (a,,);'l":1 defined on a common measurable space (€,.4), where a; has law
uy and where L* > 0. We also consider an out-of-distributional sampling measure iy in P;(X). We consider a common irreducible
measurement noises ¢ taking values in ), and quantifying hardware and sampling limitations, defined on (L,.4) and independent
from {a,,};‘,"=1 with law p, € P;(D).

The data-generating and out-of-distribution, laws defined upop. x and u are respectively defined by

pi= g X G )yux * He and poop = g X Gyhoop: x * Hes (22)
where x is the convolution operation and I is the identity map on X. The out-of-distributional measure 4, p and data-generating
measures u are coupled via the following condition: there is a € > 0 such that

Wi (uoop, 1) L €. (Coupling)

Remark 7.2. Intuitively, (22) states that one considers out-of-distributional shifts which arise as perturbations to the sampling
mechanism (distribution) yy on X. The coupling condition (Coupling) then quantifies the e-magnitude of these perturbations; note
that, in principle, € > 0 can be large or small.

Example 7.1 (Interpretation of Coupling Condition). Let X and N be a random variables on X with laws yy and v with finite means
[ny[”X”x]’[Ev[”N”x] < o0, and denote £, :=Ey_ [lIN]x]. The random variable X + N represents a sample X corrupted by
“sampling noise” N. The law of X 4+ N is upop.x := pyx * v. Furthermore, one has

Wik Hoop: x) SE[IX = (X + Nl x| =¢,. (23)
The Kantorovich-Rubinstein duality implies that the push-forward map (I3 X Q*)# P P(X) - P(X x DY) is at-most 2max{1, L}-
Lipschitz; whence, (23) implies that

Wi (Mg X G)gpx Qg X Gppoop: x ) < 2max{l, L}e,. (24)

Let E be a random variable on Y satisfying ¢, :=Eg., [l E|ly] < o, quantifying “measurement noise”. Let y, be the law of the
random variable (0, E) where 0 is the zero-vector on X. Then (X + N,G*(X + N) + E) quantifies a noisy training pair with sampling
and measurement noise, whose law is u, (X,G*(X) + E) quantifies a training sample only corrupted by measurement noise, whose
law is uppp, and both laws are related by

* .
Wi (U, oop) < €+ W) ((Id X Q*)#yx, IgxG )#/400,):)() <2, +2max{l,L}e, =: ¢,
18 Cf. Appendix A.4.
19 And the remark following its proof at the bottom of page 209.

20 See [102, Chapter 27] for details in the context of learning theory or [20] in the context of approximation theory.
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where the right-hand side was obtain by (24) together with a similar computation to (23).

A key advantage of coupling y and ugop using the W, distance, over other notions, esp. f-divergences, is that the data-
generating and out-of-distribution laws can be mutually singular®' but still remain comparable; this is, of course, not possible with
classical divergences.

When training input-output pairs are generated by sampling u, by which we mean that we have access to the following (random)
empirical measure

uN = Mg X G Nyuy * pe, (25)

where the empirical (random) probability measure y)’;’ is defined by yﬁ}’ = % Z;V: 1 6a,-
We now state our main out-of-distribution bound, which operates under the following conditions.

Assumption 7.2 (Regularity of the Cameron-Martin space). Suppose further that uy is a center Gaussian measure on X with weak
variance X and that the small ball function y satisfies:

(i) There exists a constant ¢ > 0 such that w(n) < c w(2n) for every 5 small enough,??
(ii) For every a > 0 and each positive integer N, N~ = o(y~! (log(N)) ).

Remark 7.3. Assumption 7.2 requires that Gaussian “sampling” measure uy defined on the input space & does not place mass
too far away from the origin; i.e. that it is sufficiently well concentrated, and the function y quantifies how well this measure is
concentrated.

Neural operator class Let us define the family of standard Neural Operator as follows:

N :{ Gy : LA(D;R%) = LA(D;R%) : Gy =W, + K )oo(W_; + K;_1)o - o6(Wy + Ky)
(26)
0=Wy.Kp)peo,. 1. Wy €RU 1%z [, L2(D;RY) > L*(D;RY+1), and dy=d,, d;, =d, }

o : R — R is an element-wise nonlinear map, and K, are linear integral operators with kernel function, k, : DX D — Réz+1%dg |
ie, x> (Kyu)(x) 1= [ ke(x, pu(y)dy and u € L>(D; R%). We shall write, w,,;; =(W,);; €R and k,;; = (kz),; : Dx D — R as
(i, j)-element of W, and k,, respectively.

Assumption 7.3. There exist positive constants C,,, Cy, Cy, C,, C;, and Cy such that

@. [Wellop < Cup»and dy <C, forall £ =0, ..., L, where |||, is the operator norm.

172

@D. ”nf”Lz,F = <Zi,j ”kf,iniz(DxD)> <G for all £=0,...,.L, where |D| = [1,dA,* and k, : D x D —» Ré+1%ds is the
kernel function.

3iD). llally2(p,rday < C, for all a € supp(u,).

(iv). o is C,-Lipschitz, i.e., |o6(s) —o(t)| < C,|s —t| for s,t €R.

). SUp, e p |kf’[j(x, NILC, for ¢ =0,..,L,i=1,.,dy,,and j=1,...,d,,.

(vi). kf’l-j :DXxD—-Ris Cﬂ-Lipschitz, see Definition A.4, for £ =0,...,L,i=1,..,ds,and j=1,...,ds, .

Sequential neural operator class We define the family, see Section 2, as
V= {gg : LA(D;R%) - L2(D;R%) :

Co=Z 1q+ X, f1)o(ZIg+X 060K )0 o(ZyIy + X fo)o(Zolq + Xgo0oK))

Z,,X,€{0,1}, fr =Wy pr06(Wy pr_1)o -+ 06(Wy ) is an Mth layer MLP 27)
w w k k
0=W, . Kz)e=0...L Wep € RYme ™% and K, : L2(D;R%) — L2(D; R%+1)
m=0,....M

) _ gk gk k _ ko
d?.,O_df+l’ d;,M _df+l’ dO _da’ dL+1 _du}'

21 For example, if v is the standard Gaussian measure on R then any finitely supported measure 2”:':[ w, 8, is singular with respect to v and vice versa.
22 T.e.: There exists some 7, > 0 such that (i) holds whenever 0 < < 7.
2 ) is the Lebesgue measure.
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Assumption 7.4. There exist positive constants C,,,

Cy, Cy, C,5 Cy, and Cy such that

(). ||Wf,,,,||0p <C,, and d’;,d;m <Cy, for£=0,..,L,m=0,.,M.
(D). || Kyl 2 <Cy, for £=0,..., L.
3iD). llally2(p.pday < Cy» for a € supp(u,).
(iv). o is C,-Lipschitz, i.e., |o6(s) —o(t)| < C,|s —t| for s,t €R.
(). sup, ep ks i (X DI S C, for £=0,.., L, i=1,..ds,and j = 1,...d5 .

). ky;; 1 Dx D= Ris Cy-Lipschitz, for £ =0,..,L,i=1,..,d% and j=1,....d% .

Remark 7.4. Assumptions, 7.3-7.4, restrict the capacity of our class of neural operators. Without such a capacity restriction, which
the user can freely adjust, the corresponding class would exhibit unbounded Rademacher complexity, as described in Section 8 and
thus, generalization is not guaranteed.

Lipschitz bounds We have to estimate the Lipschitz norms for .#” and o, corresponding to standard NO and sNO + €I, respectively.

Lemma 7.5 (Lipschitz stability of the hypothesis classes (¥ and W% )). (i) Let Assumption 7.3 hold. Then, we have that

IGllLip < (Cp+ CMICE, Ge N
(ii) Let Assumption 7.4 hold. Then, we have that

L
ISl <[] @ + X CoM C) 2, +XkaCo>] L CeT.
=0

The proof is given by the same argument in the proofs of Corollaries 8.6 and 8.7.

Theorem 7.6 (Out-of-distributional generalization bounds for the NO and sNO + €lv2 hypothesis classes). Suppose that either of Assump-
tion 7.3 or Assumption 7.4, that the small ball function y satisfies Assumption 7.2, and that there is an € > 0 such that the coupling
condition (Coupling) holds. Then there exists a constant C,,, depending only on py, such that: for every 0 <6 <1

T —210g(5)>
VN )

holds with probability at-least 1 — &; where L := L, max{1, L*}max{1, Ly, }; where Ly, > 0 depends on which if Assumption 7.3 or
Assumption 7.4 hold, and is respectively given by:

Sop Ewimnoop |£G@:)] = LE( v [£(Gla), )| < L <e +C,w ™ (log(N)) + (28)

(i) If Assumption 7.3 holds and ¥ = ¥ (defined in (26)), Lemma 7.5 implies:
Ly <(C,+Cp-HcE, 29)

(i) If Assumption 7.4 holds and ¢ = W% (defined in (27)), Lemma 7.5 implies:

L
L+ < H(ZL +X, CM¥IcMyz, +XLCkCg)] , (30)
£=0

Furthermore, if the metric entropy H,, of the unit ball in the Cameron-Martin space associated with the sampling measure py satisfies
28/(2+a)
H,(r) € 0(* U2 ) then the right-hand side of (28)

r2a /(2+a)

(31)

_ _ 2+/=210g(3)
sop Ewimnoop |£G@:)] = LE( v [£(Gla),w)] < L | £+ C,C¥(log(N)) + ————— ),

VN

log(1/n)”
T

where W is the inverse* of the map n — and C > 0 is an absolute constant.

The case of 4 = .4 corresponds to the family of standard Neural Operators, while the case of ¥ = % corresponds to the family
of proposed Neural Operator sNO + €l. L, represents the upper bound of Lipschitz norms for hypothesis classes ¢, and L_, and
L~ are estimated by Lemma 7.5. Analogous observations can be made as in Remark 8.2 regarding the upper bound of Lipschitz
norms. Specifically, if (C,, + C;)C, > 1, then the upper bound in (29) diverges with depth L. On the other hands, if Z, =1 and

24 For example, if # = a = 1 then ¥(y) = W () /n, where W is the Lambert W function.
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Table 17
Rates for Different Sampling Measures and Banach Spaces.
Space Covariance function Entropy estimate Small ball asymptotics (y (7))
L2([0,17)  min{s;.1,} min{s.1,) - IS
d b
cqo.)  F I, s+ =ls—nl - O(7)
General General o( —lcg(l,ﬁ:()j/im’ ) o log(1/n)’ )
2alGra

7

The “entropy estimates” the required condition on the metric entropy of the unit ball in the Cameron-
Martin space associated to the centered Gaussian “sampling” measure yy. Here h :=min,_,
the minimal “regularity” of the Brownian sheet of C([0, 1]¢) in all directions.

X, follows a Bernoulli distribution (which corresponds to (sNO + €Iv2) with an appropriate choice of p,, then upper bound in (30)
remain bounded as L — oo.

We now show that the conditions of Theorem 7.6, namely the regularity of the Cameron-Martin space associated with the data-
generating measure u are easily satisfied. We consider two examples, one of a Brownian sheet and a fractional Brownian sheet on
different hypercubes with respect to different norms on their associated function spaces.

Table 17 reports the rates implied by Theorem 7.6 in the case of a Brownian sheet on [0, 17% and [0, 1]¢ with respect to the L2
and uniform norms. More generally, we report the rates implied by the result for centered Gaussian measures y a general Banach
space, when we have access to tight asymptotics on the covering number of the unit ball in the Cameron-Martin>> RHKS associated
to u.

Lemma 7.7 (Estimates on small ball functions for Gaussian sheets in uniform topology [94, Theorem 2.1]). Let D = [0,1]¢ for a positive
integer d, fix “Hurst parameters” 0 < hy, ..., h; <2, a parameter 0 < « <2, and let u be the continuous centered Gaussian measure on the
Banach space Cy([0, 114, R) equipped with the supremum norm and with covariance function

d

a h; h; h:

[E[Xs],“.,s,,th,...,rd] = Z_d H sil +til - |si _til .
i=1

Then, Assumptions (1)-(ii) on the small ball function y, in Lemma 7.10, hold and there exists a constant 0 < C; < C,, depending only on d,
a, and on a, such that

1 1
— < < P—
G 2/ Sy <G 27

for n small enough,?® where h :=min,_,

Example 7.2 (Estimate on the standard Brownian sheet on [0, 112 [68, Equation (5.37)]). Let 1 <p<2.Let D=0, 1]? and consider the
centered continuous Gaussian process X := (X )o<; <) i L?(D) with covariance function

[E[Xs]’,]st’tz] =min{s;,?; } min{s,,?,}.

Then, Assumptions (i)-(ii) on the small ball function y, in Lemma 7.10, hold and there exists a constant 0 < C; < C, such that

log(1/n)* log(1/n*)*
G % Sy <Gy %

We now derive Theorem 7.6 via a sequence of lemmata.
7.3. Proof of Theorem 7.6

The proof of Theorem 7.6 extends the transport-theoretic approach to deriving generalization bounds of [53], to the infinite-
dimensional setting, by incorporating elements of the geometry of Cameron-Martin spaces. We begin, with the following “change-of-
measure lemma” which bounds the gap between the risks from data samples from any two distinct, arbitrary, probability measures
uand vin P (X X Y).

Lemma 7.8 (Change of distribution). Consider an in-distribution measure u and out-of-distribution probability measure Q, where u,Q,v €
P, (X X y). Let ¢ be a family of L-Lipschitz functions from X to Y, and suppose that

Wi (Q, ) <e,
25 See [76, Chapter 8] for details.
26 That is, there is some 7, > 0 such that the condition holds for every 0 <5 < 7.
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for some € > 0. For any L,-Lipschitz loss function £ : Y X Y — [0, 00) we have

E(uu~a [£(G@),w)] <L, max{1, L} (& + Wi (v, ) + E gy [£(G@), )] ),
foreach Ge 9.

Proof. See Appendix B.1. []
Next, we incorporate the structure of y and u"V into Lemma 7.8, in place of the arbitrary measures y and v, respectively.
Lemma 7.9 (Structured change-of-measure). Assume that p and uN are respectively given by (22) and (25). Then, we have that
Wy (o™ ) < max (1, L*} Wy Gy 1)
Proof. See Appendix B.2. []
We will assume that our samples of G*, distributed according to u x» are drafted from a Gaussian measure on X.

Lemma 7.10 (General concentration inequality for Lipschitz hypotheses). Assume the setting of Lemma 7.9 and fix a positive integer N.
Suppose further that py is a center Gaussian measure on X with weak variance X and that the small ball function y satisfies:

(i) There exists a constant ¢ > 0 such that y(n) < ¢ w(2n) for every n small enough,?”
(ii) For every a > 0 and each positive integer N, N~% = 0(1//‘1 (log(N)) )

There exists a constant C,,, depending only on iy, such that: for every 0 <5 <1

B _ _ Z+/—2log(d)
sup E g [£(G(@),w)] — LE, v [£(G@),w)] <L <e +C,y ! (log(N)) + —> (32)
Geg N
holds with probability at-least 1 — &; where L := L, max{1, L} max{1, L*}.
Furthermore, suppose that H,,(r) € o %) then the right-hand side of (28)
) ) o +/=21og(5)
gsug Ewu~a [£(G@),w)] — LE, .~ [£(Ga),w)] <L <e +C, ! (log(N)) + —> , (33)
13 N

and C > 0 is an absolute constant.

s
where §r(n) = C —log(nla{ 7

Remark 7.5. As remarked on [14, page 542], condition (ii) in Lemma 7.10 implies that the centered Gaussian measure y is not
supported on a finite-dimensional Banach subspace of X x V.

Proof of Lemma 7.10. See Appendix B.3. []

Applying Lemma 7.10 to the hypothesis classes .#" and ¥, defined in (26) and (27), respectively, yields our main generalization
bound for out-of-sample distribution learning; i.e., Theorem 7.6.

Proof of Theorem 7.6. Set Q := yppp. Lemma 7.5 implies that under the respective assumptions: Assumption 7.3 and 7.4, the
hypothesis classes .#” and .4 are Lipschitz and it provides explicit estimates on the Lipschitz constants Ly of these neural operators.
The result then follows from Lemma 7.10. []

Discussion Theorem 7.6 supports our experimental evidence that the risk-bounds for the (s N O + £I)v2 are much tighter than those
for the s N O + €I model, precisely since the constant of the former is much tighter than that of the latter. We expect that comparable
lower-bounds could be derived. However, since lower-bounds with tight constants can take years to perfect, as seen by the time gap
between [104] and [64], then we will in future research.

% Le.: There exists some 7, > 0 such that (i) holds whenever 0 <y <7,.
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8. Generalization error bounds of the neural operators

Through experimental observation, we have found that our proposed network exhibits superior performance compared to stan-
dard networks, specifically in terms of lower test errors. The test error is synonymous with generalization error in the field of
statistical learning theory. This section provides the theoretical analysis of generalization error for both standard networks and our
proposed networks.

It is important to mention that Kovachki et al. [66] established the standard universal approximation theorem that shows that
any continuous operator can be approximated in compact sets by standard neural operators. As our network is an extension of the
standard network, universality also holds for our proposed networks. Consequently, in the context of universality, we are unable to
distinguish differences. Therefore, our primary focus on this section will be on the complexity of networks and their corresponding
generalization error bounds.

8.1. Preliminaries

Let D c R? be a bounded domain, and L2(D;R") be the L? space of R"-value function on D. Let .S = {(a;,u;) : 1 <i<n} be the
Lid
sequence of independent samples of 4, i.e. (a;,u;) ~ u,2® with marginals 4, in L2(D;R%) and , in L(D;R%). Let ¢ be the class
of operators mapping from L2(D; R%) to L2(D; R%), and ¢ : L?(D;R%) x L2(D; R%) — Ry, be the loss function. We denote by the
expected risk £ and empirical risk Es: defined rigorously in Appendix A.8.
We review the Rademacher complexity, which measures the richness of a class of real-valued functions.

Definition 8.1. (Rademacher complexity) Let .# be the set of real-valued measurable functions on a measurable space (S, S). Let
{€;}7_, is a sequence of i.i.d. RV’s with Rademacher distribution; i.e., P{e; =1} =1/2=P{¢; = —1}. The Rademacher complexity of
the class .7 is defined as

n

Zeif(ai’ui)

i=1

1
R(F) :=E¢raa [sup - ] , (34)
fez n

(Cf. Giné and Nickl [41, Definition 3.1.19]).

Assumption 8.2. There exist positive constants p > 0, R, > 0 such that

(). 7 is p-Lipschitz continuous, i.e., |£(u;,v) — £(uy, V)| < p ||uy — ”2||L2(D;Rdu) for uy,uy, v € L2(D; R%).
(i). #(0,-) is bounded above by R,, i.e., |£(0,u)| < R, for u € supp(,).>°

First, we estimate the generalization error bound for the general setting.

Lemma 8.3 (Generalization error bound). Let Assumption 8.2 hold and suppose there exists R > 0 such that ||Q(a)||L2( prdy S R, for all
G e ¥, and a € supp(u,) for the hypothesis class, ¢. Hence, for any 6 > log2, the following inequality holds with probability greater than
1 —2exp(-9),

£(G) < £5(G) + 2R F ) + (0R + Ru)\/%, Voew, 35)

where R¢ (7o) is the Rademacher complexity of the class F, and the class F 4 is defined as

Fg ={(a,u) = £(G(a),u) : (a,u) Esupp(u), GEY}.

See Appendix C.1 for the proof. The idea is to break down the generalization error £(G) into two components: the approximation
error ES (G) and the complexity error L(G) — ES(Q). The upper bound of the complexity error £(G) — ES(Q) can be established using
the Rademacher complexity, R¢(F ), by the Uniform laws of large numbers (Lemma A.12).

If the class ¢ is a universal approximator, the approximation error ES(Q) can be made “small enough” through training. In fact,
if ¢ is chosen to be the classes of neural operators [66] and DeepONets [71], both of which are universal approximators. In the
following, we focus on the analysis of the Rademacher complexity for both standard neural operators (NOs) and proposed neural
operators (sNO).

28 Independent identically distributed samples drawn from, u, on L?(D;R%) x L?(D; R%).
29 Support of a measure y is defined supp(u) := {x € X : u(U") > 0 for all open neighborhood V" of x} (Cf. Ambrosio et al. [4, Ch. 5]).
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8.2. Related work of generalization error bound (GEB)

References such as Bartlett et al. [9], Jakubovitz et al. [58] have extensively investigated generalization error bounds (GEB) for
networks that map between finite-dimensional spaces. However, to the best of our knowledge, there has been limited exploration
of GEB for operators on infinite dimensional spaces. De Ryck and Mishra [27] provided the GEB for (general) operator architec-
tures using Hoeffding’s inequality, without involving the analysis of the Rademacher complexity. Gopalani et al. [43] and Kim and
Kang [62] have provided GEB for DeepOnet and FNOs, respectively, by the Rademacher complexity. However, in these works, the
authors assumed that the trainable parameters are finite-dimensional (such as matrices), while our work does not need this assumption.
Our study distinguishes itself from Kim and Kang [62] in several key aspects. Firstly, we directly analyze the integral operator under
the assumption of Lipschitz continuity of the kernel, whereas Kim and Kang [62] assumes a truncated expansion for FNOs and eval-
uates the Rademacher complexity based on the number of truncations. Secondly, our work not only gelneralizes the findings of Kim

and Kang [62] but also provides sharper bounds on the Rademacher complexity with the order O(1/nd+1), compared to (1) in Kim
and Kang [62].

8.3. Rademacher complexity of neural operators

We analyze the Rademacher Complexity of Neural Operators, [66]. Under Assumption 7.3, we obtain the following upper bound
for Rademacher Complexity for NOs.

Theorem 8.4 (Rademacher Complexity for NOs). Let suppose Assumptions 8.2 and 7.3 hold. Then,

dx2 L INTT
RIU(F ) <y Lavt {(Cpp+CC, ) (;) , (36)

where d := ddim(D X D) is the doubling dimension of D x D (see Definition A.16), and y is the positive constant independent of L and n,
defined in (C.16).

See Appendix C.2 for the proof. The idea behind the proof is as follows, the Rademacher Complexity, R¢(F 4 ), is evaluated by
using Dudley’s Theorem (Lemma A.15, and Kakade and Tewari [59], Bartlett et al. [8]). The upper bound is then determined by the
covering number (as defined in Definition A.14). Since NOs are parameterized by their weight matrices and (kernel) Lipschitz contin-
uous functions, the evaluation of the covering number ultimately involves analyzing these components, by using Wainwright [111]
and Gottlieb et al. [44], respectively.

See Remark D.1 for finite basis expansion (applicable integral kernel).

8.4. Rademacher of sNO and intermediate architectures

In this section, we analyze the Rademacher Complexity of the proposed networks. With Assumption 7.4, we obtain the following
upper bound for the Rademacher Complexity of .4".

Theorem 8.5 (Rademacher Complexity of proposed network(s)). Let Assumptions 8.2 and 7.4 hold. Then,

1<L X, CM+icM X,

RG(F ) STLA +
S /Z::‘,Z,;+Xfci‘,“1c§4 Z, +X,CC,

L i
1\
) [H(Zf +X,CMHIcMy gz, + Xfckcg)] (; ). e
£=0
where 7 is the positive constant independent of L and n, defined in (C.27).
Theorem 8.5 can be proved by similar arguments in Theorem 8.4. See Appendix C.3 for the proof.
8.5. GEB and comparison among architectures

By Lemma 8.3, and Theorems 8.4 and 8.5, we get

Corollary 8.6. Let Assumptions 8.2 and 7.3 hold. Then, for any 6 > log2 and G € ./, the following inequality holds, with probability
greater than 1 — 2 exp(—96):

i L
£© < E5(©)+ 2L ((C,+COC, ) (3)™ + (A€ + CICIHCo + COC, + R, [ 22, (38)

See Appendix C.4 for the proof.
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Corollary 8.7. Let Assumptions 8.2 and 7.4 hold. Then, for any 6 > log2 and G € ¥, the following inequality with probability greater than
1 —2exp(—9):

£(G) < L5(G)

L L

L i Xfcgﬁl-'—lcé\/[ X)ﬁ H M+1,.~M 1 d+1
+ YL + / @ +X,CYH N2, + X000 | ()
=z, +X.eM M L+ X GG 0y b o n

39

L
+ (,; [H(ZK +X,CMHcMyz, + Xfckc,,)] C,+ Ru> 275
=0

See Appendix C.4 for the proof.

Remark 8.1. When Z, =0 and X, =1 corresponds to sNO, if Z, =1 and X, =1 to (sNO + e)vl. Finally, if Z, =1 and X, is a
Bernoulli RV with P{X, =1} =p,, and P{X, =0} =1 - p, for p, € [0, 1] corresponds to (sNO + e[)v2.

. 1
Remark 8.2. The 2nd, and 3rd terms decay as the samples increases, n — oo, with orders @ ( 1/nd+1 | and O(1/n?), respectively.

We finally observe the coefficients depending on the number of layers, L (see also Remark C.2-submitted version of the paper— and
D.2 in the revised version of the paper-.

1. If (C,, + C)C, < 1 (or CMFICMF1C, < 1), the upper bounds of standard NO (or sNO) remain bounded as L tends to infinity.
On the other hand, if (C,, + C,)C, > 1 (or CMHICM*1C, > 1), then, the upper-bounds diverges with depth, similarly than
finite-dimensional networks Truong [108].

2. If the condition C,, < 1 and C, < 1 holds true, then CM+'CM+*1C, <(C,, + C})C,, which implies that the upper bound of sNO
are smaller than standard NOs. See Remark D.2.

3. Since CuAf e é” C, <1+ Clﬁ’[ +1C£4 )(1 + C,C}), the upper bound of standard NOs are smaller than (sNO + €I)v1, despite the
outcomes of our experiments, see Fig. 7.

1
4. Finally the RVs can control the GEB. If P{X , =1} = p, = x,/Ld+1, where x, € [0, 1] satisfies Y5 x, < o0, the upper bound for
(sNO + €I)v2 does not blow up as L increases, regardless of C,,, C;, and C,. The expectation with respect to X = (X, ...,X;) is
bounded above by the expression (see Lemma D.1 in Appendix D)

L L L

E»[RHS of (39)] S L(G) + (Z xf> T[] +@¥ e +cc, + M+ e, e x| (1) i

n
=1 =0

L
+ (pH [1+@C*cM + ¢ c, + )t o e x| C, + Ru> @,
£=0

whose coefficients do not blow up as L — oo (the infinite products converge because 2;10 X, < o0, see, Trench [106]). Here, <
implies that the left-hand side is bounded above by the right-hand side times a constant independent of n and L. For example,
if x, decay with order O(¢ —(+6)) for some ¢ > 0, then it holds that 2?:0 x, < 00.3% [55] proposed linear decay, which does not
satisfy 2;‘;0 X, < co. However, it is assumed that the number of layers L is finite (typically around 100), our analysis on the other
hand showed that the upper bound is valid regardless of the number of layers if the Bernoulli RVs satisfied the above-mentioned
condition. A less restrictive decay on the RVs can be chosen.

Therefore, our proposed architecture, especially (sNO + €])v2, would have a smaller generalization error than the standard architec-
ture under assumptions of the RVs.

Remark 8.3. Any looseness in the existing bounds results from the techniques employed in our proofs, which hopefully can be
tightened in future works. These are the best available generalization bounds for both models and both are compared on fair footing
as they are derived by the same argument. Nevertheless, the bounds are not intrinsic in the sense that there is no lower bound for
the classical NO model.

9. Summary and discussion

We perform a detailed empirical and theoretical analysis of the generalization capabilities of neural operators and sNO + €I for
approximating the parametric form of the Helmholtz equation, as well as a surrogate model for the forward operator associated with

30 Notice that, the assumption of Z‘;‘;O P, < oo by the Borel-Cantelli lemma, implies that the probability that infinitely many of X, =1 (layers that are active) occur
is zero.
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the study of the inverse boundary value problem for the Helmholtz equation. We work with high-frequency given the documented
difficulties of numerical methods, [34,33,39], and the amount of previous work associated with other PDEs, which traditional neural
operators already approximate remarkably well.*!

The sNO + I family demonstrated improved performance without increasing the number of parameters (in the case without
stochastic depth) or compromising the approximation capabilities of traditional neural operators for high-frequency Helmholtz prob-
lems. We maintained strict constraints throughout our analysis, including not increasing the size of the training dataset, and testing
on datasets of comparable size as those used in the training.

We conduct a thorough empirical analysis of the stability of the trained networks to different realizations of the wave speed,
and (sFNO + €I)v2 demonstrated resilience to these changes. In light of these results, we derive upper bounds for out-of-distribution
generalization for Gaussian measures in abstract Banach spaces, and we link the experimental behavior to the presence of the random
variables presented in stochastic depth. For the results in-distribution, we also provide an upper bound of the generalization error by
estimating the Rademacher complexity of each of the networks. Similarly, showing that the random variables in stochastic depth are
effectively controlling the complexity of the hypothesis class for the (sNO + eI)v2 family.

We have made progress in understanding the theoretical guarantees of neural operators and similar architectures, going beyond
their approximation property. However, it is worth noting that one of the limitations of our work is that the bounds we derived
are not tight. Although deriving lower bounds presents a challenge, we remain optimistic about the possibility of making further
advancements in this area.

On the experimental side, our results suggest that it is possible to capture the forward operator effectively (mapping functions
to operators), and we expect to apply this surrogate model to solve inverse problems, particularly for Bayesian inversion and for
using algorithms that only require multiple evaluations of the costly forward operator, such as the derivative-free ensemble Kalman
method [56].
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Appendix A. Preliminaries
A.1. Vector-valued L2 spaces and Sobolev spaces

L%(D;R%) is the L2 space of R%-value functions on D C R?. It is defined as the space of functions such that,
2 o 2
Il e, = [ N0l dx <o
D

where D> x — ||a(x)||§ = Zj ajz.(x); notices that, ||-||§ is the usual #,-norm in R,
For natural number k € N, we define Sobolev space H*(D;R%) by

H*(D;R%) :={u e L*(D;R%) : 0% € L*(D;R%) V|a| <k}.

For positive non-integer s > 0, we define Sobolev space H*(D;R%) by

lal=s]

H*(D;R%) := {ueHUJ(D;Rdu): sup [0%uly, D<oo} A1)

where 0 :=s— [s| €(0,1). Here, [f]y p is defined by

172
17— FOIE
Wow = / / e

For further details, we refer to, e.g., Adams and Fournier [3].

A.2. Bounded linear operator

Definition A.1 (Bounded linear operator). We say that A : X — Y is a bounded linear operator mapping from a Banach space X to a
Banach space Y, if it is linear and if there exists a positive constant C > 0 such that,

lAx]ly < Clixllx, x € X.
Definition A.2 (Operator norm). The operator norm ||A||0p for a bounded linear operator A is
[ Allop :=inf {C ERy : | Ax|ly <ClIxlly}-
Neural Operators [82] are typically built from bounded linear integral operators

Definition A.3 (Bounded linear integral operator). It is an Linear Bounded Operator K : L>(D;R") — L>(D;R™) defined by

x> (Kg)(x) 1= / k(x,y)g(»)dy, x€D, geL*(D;R",
D

where k : D x D c R%4 — R"™" is the Integral Kernel.

Definition A.4 (Lipschitz kernel). We say a vector-valued Integral Kernel is Lipschitz continuous if there exists C > 0 such that

ki (6, ) = ki ;O S C ||y = (90|, ), (x,Y) e DX D,
fori,je{l,...,d}.

A.3. Neural operator
Let D a bounded domain and let A(D; R%), U (D; R%:i ), and U'(D; R%) be abstract (separable) Banach spaces.

Definition A.5 (Neural Operator). Let define G, : A(D;R%) — 1/(D;R%) such that

u=Gy(a)=QoL;o...0L o0R(a), (A.2)

in where Q : A(D;R%) — U(D;R%!1) (Lifting map), and R : U'(D; R%k+1) — 1/(D; R%) (Projection map), such that
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Fig. A.17. NO. Neural Operator architecture.

R(a)(x) :=(Ra(x)), ReR%Y™%, (A.3a)
0()(x) 1= (Qu(x)), QR s, (A.3b)

and L, (i=1,...,k) is defined as
D3xe (L) (x) i=0 (Wox)+(Kv)(x) ), W, eRs¥, (Layers)

i=1,...,k, and K, is an integral operator mapping from U‘(D;[Rd”i) to U'(D; R %+ ), see Definition A.3. In the definition of
Kovachki et al. [66, Section 9.1], Neural Operators parameterize the integral kernel as neural networks, which satisfies the Lipschitz
continuity used in the Assumption 7.4.

A.3.1. Fourier neural operators (FNOs)
A natural ansatz in the integral operator is assuming to be convolutional, so that,

(kxv)=F~ ' (Fk)- F(v)). (A.4)

34 if the kernel function and v lies on the adequate space, say L2. When Equation (A.4) is estimated by the FFT algorithm, the Neural
Operator is efficiently implemented, leading to the network presented in Li et al. [82].

A.3.2. Remark: universality of sNO

Kovachki et al. [66, Theorem 11] have shown that the compositional operator (60K )o - o(6oK) of the linear integral oper-
ator £, and the element-wise nonlinear activation function ¢, can approximate any nonlinear continuous operator. Therefore, the
addition of any local operation in Neural Operators does not affect the universality property, i.e., standard, and sequential NOs have
the same universality property.

A.4. Bochner integral

In the study of generalization error bounds, the Expected error, see Appendix A.8, is defined through the Bochner Integral. We
briefly introduce it, informally, as the natural generalization of the Lebesgue integral on (separable) Banach spaces.

For our purpose, it suffices to define the integral (informally) on L%(D;R%)xL2(D;R%). Assume that a function (a,u) — f(a,u) €
R is Bochner integrable with respect to the measure y on L%(D;R%) x L2(D;R%), i.e., there exists a sequence of integrable simple
functions s, (the finite linear combination of indicator functions of measurable sets) such that

lim / | f(a,u) — s,(a,w)| du(a,u) =0.
Thus, the Bochner Integral is defined by

/ £(G(a),u)du(a,u) = nanc;lo / sp(a,u)dpu(a,u).
For a detailed (formal) definition of the Bochner integral, as well as its properties, see Yoshida [117].
A.5. Gaussian measure
The typical choice of the measure u in the context of PDEs is the Gaussian Measure, which will be reviewed as follows (refer to,

e.g., Stuart [103, Section 6]): First, a function m € X is called the mean of y if for all £ € X*, where X* denote the dual space of
linear functionals on X,

34 F,and F~! represents the Fourier and Inverse Fourier transform respectively.
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f(m):/f(x)y(dx).
X

A linear operator C : X* — X is called the Covariance Operator if for all k,7 € X*,

k(C?t)= / k(x — m)¢(x — m)u(dx).

X

We say that u draws from Gaussian Measure N (m,C) (write u ~ N'(m,C)) if for all £ € X*, £(u) draws from the one-dimensional
Gaussian distribution N (£(m), £(C?)).

If X is a Hilbert space, then we can characterize random draws from a Gaussian Measure by using the Karhunen-Loéve expansion
as follows (see, e.g., Stuart [103, Theorem 6.19]):

Theorem A.6. Let X be a Hilbert space, and let C : X — X be a self-adjoint, positive semi-definite, compact operator, and let m € X. Let
{brs 7k }2‘;1 be an orthonormal set of eigenvectors and eigenvalues for C ordered so that

vz,

Take {; }}> | to be an i.i.d. sequence with §; ~ N(0,1). Then, the random variable u € X given by the Karhunen-Loéve expansion

u=m+i\/ﬁ§k¢k (A.5)
k=1
draws from N'(m,C).
A.6. Cameron-Martin space
We briefly review the definition of the Cameron-Martin space (refer to, e.g., Hairer [49, Section 3.2.]).

Definition A.7. Let y be a Gaussian Measure on a separable Banach space X. The Cameron-Martin space H,, of y is the completion
of the linear subspace

{he X : 3n* € X* with C,(h*.£) = £(h) V£ € X*),

under the norm

2 _ _ s
”h””_<h5h>y_cﬂ(h ah )7
where C,, : X* X X* — R is defined by

Cu (k%) :=/k(x)z,’(x)/4(dx), k¢ e X*.
X

In can be shown that ,, is a reproducing kernel Hilbert space with the inner product (A, k), = C, (h*, k¥).

When X is a finite-dimensional space, the Cameron-Martin space is given by the range of the covariance matrix [49, Exercise
3.28].
We now review properties of the Cameron-Martin space (see Hairer [49, Theorem 3.41 and Proposition 3.4.2]).

Theorem A.8. For h € X, we define themap T, : X — X by Tj,(x) = x + h. Then, the push-forward measure Tyyu of p by T}, is absolutely
continuous with respect to y if and only if h € H .

Proposition A.9. The space H,, C B is the intersection of all (measurable) linear subspaces of full measure. However, if H, is infinite-
dimensional, then one has u(H,) = 0.

That is, the Cameron-Martin space H, of u represents the directions in X where translation is invariant, meaning that the
translated measure has the same null sets as the original measure. Furthermore, when dim(¥,,) = oo, H,, is “smaller” than X in the
sense that (7, = 0. In contrast, the finite-dimensional Lebesgue measure is invariant under translations in any direction. This is an
illustration of the tendency for measures in infinite-dimensional spaces to be mutually singular.

A.7. Gaussian random field

Let (Q,.#,P) be a probability space. We say that a function u : D X Q — R is a Gaussian Random Field (GRF) if u(x, ) € L2(Q),
and for any x,....x;; € D and any M €N,
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Fig. A.18. Illustration of the covering number on .Z.

Upp 1= W(Xp, ), (X g, )T
draws from the multivariate Gaussian distribution N (m,,,C,,). Here, m(x) := E [u(x,®)] is the mean function, and c(x,y) =
E,[(u(x, w) — m(x))(u(y, w) — m(y))*] is the covariance function. We have denoted by m,, := (m;, ..., my)T and C, = (cij)%:l, where

m; :=m(x;), and ¢;; := c(x;,x;). The GRF also has the Karhunen-Loéve expansion with (A.5) as X = L2(D), m is the mean function,

and C is the integral operator with the kernel given by the covariance function (see Lord et al. [87, Theorem 7.52]).

We can construct the GRF drawing from a certain Gaussian Measure. We simply consider the Gaussian Measure N'(0, (—A)™%)
where A is the Laplacian with domain H(; (D)n H%(D) where D =[0,1]? and « > 1. Then, the draw u from N (0,(—A)~%) are almost
surely in C(D) (see Stuart [103, Example 6.28]), which means that the function u can be point-wisely defined, and then, for any
Xi,...Xpyy €EDand any M €N, (u(xy,-),...,u(xys, )T draws from the multivariate Gaussian distribution, that is, u is the GRF.

A.8. Statistical learning

Definition A.10 (Expected Risk/Loss). The Expected risk is defined by

L©) :=E (., [£(G@.w)] = / £(G(a), u) u(d(a,w)),
supp(¢)

with respect to G € ¢, where the set ¢ is the hypothesis class. For the purpose of this paper, the class corresponds to Neural Operators
or sequential Neural Operators, and ¢ : L2(D;R%) x L2(D;R%) — [0, 00) is the loss function.

Definition A.11 (Empirical Risk/Loss). It is defined as the unbiased estimator of the Expected risk, that is
1 n
L == )7 D, i),
5(©) 1=+ ; (G(a).u;)
where (g;,u;) id u.

The generalization error £(G) is decomposed into L s(G) and L(G) — L 5(G). The difference, L(Q) — L 5(G) between the general-
ization and empirical errors is evaluated using the Uniform Laws of Large Numbers (see, e.g., [111, Theorem 4.10] or [41, Theorem
3.4.5]).

Lemma A.12 (Uniform Laws of Large Numbers). Let % be the set of real-valued measurable functions on a measurable space (S, S) with
absolute values bounded by R, let X; (i €N) be i.i.d., S-valued random variables with common probability law P, and let €; (i €N) be a
sequence of i.i.d. Rademacher RVs, i.e., €; are independent, and P{e; =1} =1/2 =P{e; = —1}. Then, for all n € N and 6 > 0, the following
inequality holds with probability greater than 1 — 2 exp(—6),

<OMUF) + Ry 2,
n

where R¢(F) is the Rademacher complexity of the class 7 defined above.

sup |13 1)~ EL/ (0]

feZF i=1

The Rademacher complexity Rg(ﬂ ) of the class .# is defined as follows.

Definition A.13. (Rademacher complexity) Let .%# be the set of real-valued measurable functions on a measurable space (S,.S). Let
{€; }1’.’=1 is a sequence of i.i.d. RV’s with Rademacher distribution; i.e., P{e; =1} =1/2 =P{¢; = —1}. The Rademacher Complexity of
the class .7 is defined as
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Fig. A.19. Illustration of the doubling number.
|

Intuitively, Rademacher complexity R¢ () measures richness of a class . of real-valued functions.

Zeif(ai’ui)

i=1

1
RG(F) 1= Eerpaa [SUP =
feg h

(Cf. Giné and Nickl [41, Definition 3.1.19]).

Definition A.14 (Covering number). Let (%, ||-||) be a normed vector space. We define, N (¢, %, || - ||), the covering number of .7
(sometimes known as entropy number) which means the minimal cardinality of a subset C C .# that covers .# at scale € with respect
to the norm || - ||. (See Fig. A.18.)

Roughly speaking, the covering number N (g, .%, || - ||) is the necessary number of e-balls with respect to norm || - || to completely
cover a space .# (see e.g., Wainwright [111, Definition 5.1]). Furthermore, it is possible to estimate Rademacher Complexity mg(y )
by using the covering number. The following lemma is known as Dudley’s Theorem (see, e.g., Bartlett et al. [8, Lemma A.5]).

Lemma A.15 (Dudley’s Theorem). Let .7 be the set of real-valued functions. Then,
(o)
R(F) < inf da + £/\/105;1\7(5,54‘, Ils) de
a>0 \/;
a

12
where || f]ls := (l Y f(X’,)2> )

One of the main result in this paper is to apply these lemmas as .Z is the set of loss function #(G(-),-) where G is the class of
Neural Operators or sequential Neural Operators. Neural Operators G are parameterized by weight matrices and Lipschitz continuous
functions, and finally we will arrive at evaluating their covering number, which are referred to [111].

When we analyze the covering number of Lipschitz continuous functions, the doubling dimension of D X D appears. We will now
review the definition of the doubling dimension of a metric space (see, e.g., [48]).

Definition A.16 (Doubling dimension). A metric space (X,d) with metric d is called doubling, if there exists a constant M > 0 such
that for any x € X and r > 0, it is possible to cover the ball B,(x) :={y € X | d(x, y) < r} with the union of at most M balls of radius
%. The doubling dimension of X is defined by ddim(X) = log,(M). (See Fig. A.19.)

Appendix B. Proofs for Section 7
B.1. Proof of Lemma 7.8

Proof. Let 1,, denote the identity map on Y. Fix G € ¢ and consider the map

[ i=Co(GX1y).

If G is constant, we are done. Therefore, assume that G is non-constant; whence, Lip(G) > 0. Therefore, the map FiXxY—[0,0)
given by

. 1
T =n”

is 1-Lipschitz. The Kantorovich-Rubinstein duality [110, Theorem 5.10] implies that

Ewu~a [F(@w)] = Egup, [flaw)] <W@,v). (B.1)
The triangle inequality and the assumption that W, (Q, u) < € imply that the right-hand side of (B.2) may be further bounded by
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E(oum~a [f(a,u)] =By [f(a, u)] W@, 1) + Wy (v, 1) S €+ W (v, ), (B.2)
Multiplying across (B.2) by Lip(f), using the linearity of integration, and re-arranging yields

Eou~a Lf (@] SLip(f)(& + Eyuy [f(@,0)]). (B.3)

It remains to compute the Lipschitz constant of f. Let (ay,u;),(ay,u,) € X X Y and note that

|7 (@) = £ (az )| <L (161 = Gl + lluy = wyl13) 2 (B.4)

. 1/2
<L, (Lip©7?lla; — a3 + 1 lu, —uy13) "

<L, (max{Lip(§)*, 1} lla = a; |3 + max{Lip(§)*, 1} llu; = u, 13,)
)1/2

1/2

=L, max{Lip(§), 1} (llay = arll3, + llu; = uylI5,
:=L, max{Lip(Q), 1}lI(ay,u;) = (ag, )l 35355 (B.5)

where the right-hand side of (B.4) follows from definition of the 2-product metric on X X Y. Incorporating the estimate of Lip(f)
computed in (B.4)-(B.5) into (B.3) completes the proof. []

B.2. Proof of Lemma 7.9

Proof. Arguing as in [101, Lemma 5.2], we see that
W (o™ ) <, (g X Gt (a X G5 ). ®.6)

Arguing analogously to (B.4)- (B.5) we find that I X G* ismax{1,L* }-Lipschitz. Therefore, the Kantorovich-Rubinstein duality [110,
Theorem 5.10] and the estimate (B.6) imply that

w (ﬂ’ llN> W ((Id X G )ypx, (Ig X Q*),;,uﬁ)
SLipU o) Wy (pixs py)
<max{1, L*} W, (ux. u} ).

This completes the proof. []
B.3. Proof of Lemma 7.10

Proof. Reduction to estimating the concentration of the empirical Sampling measure Mg to yy: By Lemma 7.9, we have

Wi (v, ) = Wy, ) <max{1, L*} W) (uy., py)- (B.7)
Set v := i, in the notation of (25). Applying Lemma 7.8 yields
Eouw~q [£(f(a),u)] <L, max{1,L} (e + Wi (v, ) + E (g v [£(f (@), 0)] )
<Lymax{1,L} (e +max{1, L*} W, (uy. uy) + Eg v [£(f(@).0)] ).

for each f € F (for each w € Q).
Applying the sampling estimates for uy: Under our assumptions on the small ball function y, [14, Theorem 1.4] implies that
there exists a constant C,, > 0, depending only on uy, such that for every n >0

(B.8)

Wy (uy - 1x) <(C,+m ™' (log(N)), (B.9)
holds with probability at-least 1 — exp(—N (w~! (log(N)))? %). Here, we have denoted by W,(u¥, ux) the Wasserstein distance of

the order two that measures the distance between two distributions ,ug and py.
Set, 5 := —log(6)'/2 2122 /(N'/2y~1(log(N))), then (B.9) implies that

43 V—2log(6)
VN

holds with probability at-least 1 — §; where we used the fact that W; < W, (see e.g. [110, Remark 6.6]) to deduce the left-hand side
of (B.9). Combining (28) with (B.10) implies that: for every 0 < 6 <1 and each G € 4 we have

b3 —210g(5)>
VN )

Wi (my s ix) SWa(y - ux) S Gy (log(N)) , (B.10)

Ewu~a [£(G@),w)] — LE, .~ [€(Ga),w)] <L <e +C,y ! (log(N)) + (8.11)
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holds with probability at-least 1 — §; where L := L,max{1, L} max{1, L*}. Since the right-hand side of (B.11) was in-dependant of

G, then taking the supremum over the class ¢ on both sides of (B.11) yields the conclusion.

20/ (2+a) s
Finally, if H,(r) € @(%) then [80, Theorem 1.2] implies that y(y) € ® (% ) O

Appendix C. Proofs for Section 8

C.1. Proof of Lemma 8.3

Proof. By using (35), we have for f =£(G(:),-) € F4 and GE Y,

| f(a,w)] < |£(G(a),u) — £(0,u)| + |£(0,u)|
< 14 ”g(a)”L2(D;|Rdu) + Ru < pR+ Ruv (C~1)

for (a,u) € L2(D;R%) x L2(D; R%), where (C.1) followed from Assumption 8.2 (i) and (ii). This implies that by employing Wain-
wright [111, Theorem 4.10] or Giné and Nickl [41, Theorem 3.4.5], we have the following inequality with probability greater than
1—2e79,

— Egquyeul f(@.0)]

]+(pR+R)\/ ,GeY9,

is a sequence of i.i.d. RV’s with Rademacher distribution; i.e., P{e; =1} =1/2=P{e; =—1}. [

(ARt

I£(G) - Ls(Q)| < sup
feFy

§2[E€[ sup ZEf(a,,u)

feEFH N

where {¢; };‘:1

C.2. Proof of Theorem 8.4

Proof. By employing Bartlett et al. [8, Lemma A.5] or Kakade and Tewari [59, Theorem 1.1], we have

1
9{"(9”)<mf da + —/ log N(e, 7 _y, |- ||S))E R (C.2)
where || flls 1= ( Z, L fla,u) ) . Here, we denote by N(e,.%,|| - ||) the covering number of the function space .# which means
the minimal cardinality of a subset C C .# that covers .# at scale € with respect to the norm || - ||. In the following, we will estimate

the covering number N(e,.Z 4 ., |I‘ll5).
Let f =£(G(-),) and f’' = (G (-),-) where G,G' € .#. By (i) of Assumption 8.2, we calculate

|f(a,w) = f'(a,w)] = |£(G(a),u) = £(G (@), w)] < p|G(a) = G (@] 2 pia) - (C.3)
Denoting by

QK = (Wf + nf)OO'(Wf_I + Kf/_])o e OU(WO + no),

G, ;=W +K))oo(W,_ +K,_,)o-oc(W; + Ky,
the quantity ||G(a) — Q'(a)”Lz( D:pdy 1S evaluated by

[|G@) — g’(a)”LZ(D;R‘IU) =[Gr(a) - g/L(a)”LZ(D;RdLH)

= |we + K00 (G, (@) - Wy + K p)oo(G _ (a))

+ Wy +K)oo(G)_ (@)~ (W] +K})eo(G)_ @) , D)

Assumption 7.3(vi) (C4)
< (”WL”op + ||’CL||op>Cs I161-1@ =G 1@l 2p e

——— e

< C < C
€5 v co *

+(Jwi-wi

o H IR =KLl ) C 16, @l e

where ||||, is the Operator norm. Here, we have employed the following estimations:
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2 2 )
W, < Wi g(x dx < C C.5
IWeell o pparer, < / l_bg_(_)llj rssampon 750 N8 g .5
D
S AHES
2
2
”K:Lg”LZ(D;R‘iLH) S/ /’CL(X,J/)g(,V)dy dx < ||K:L||L2F”g”L2(D RiL)
D D 2
' ! (C.6)
2
g(z,,,-||kL,f,<x,-)||L2(D))nguLZ(D WL,
2
<
Assumption 7.3(ii) ”g”LZ(D RIL)’

forge L2(D;R9L), where [|-]l, is the £,-norm. By the same argument in (C.4)-(C.6), we evaluate
[GL-1(a) - g/L—l(a)”LZ(D;RdL)
<(Cyp+CIC, ||GL2(a) - g,L—Z(a)”LZ(D;[RdL—I) (C.7)

+ (”WL—l - WL’—l +H|Kp - K/L—lllop> Cs ||glL—2(a)||L2(D;[RdL—1)'

op

By repeatedly evaluating ”Qf(a) - Q'L,(a)” (¢=L,L-1,..,0), we obtain

L2(D;R%¢+1)

Ilg(a) - g,(a)”Lz(D;Rdu)
<{(Cu+CIC, 1|y + Kg)a) — W) + K@)

L2(D;R%)

—w! K

Assumption 7.3(iii)SC“( o=, op o op
+ 2 ([w o e =%0],,)
Z £+1 T /+1 7+1 7 Mgy (C.8)
L—1-¢ ~L—¢ ||
X (€ + Cp) G ‘ g (a)”Lz(D;IRdf“)
(c.9)s{(cw+ck)C“}Lca
L&
! /

<{(c, +CcC,)} Ca{;) (”Wf -+ |, -, Op) .

Here, we have employed the following estimation:

<(C,+CYctc,. (C.9)

L2(D;RY¢+1)

Furthermore, by using ideas of (C.5) and (C.6), we estimate

HWK_W; opS”Wf_Wfl F
dpyy dgp dpyy dp (C.10)
<2+lefu |_ZZC LUflj_ flj )
j=1i= j=1i=
/ - ‘G /’lj k,f,ij
chf_nf = 2 lel ”kf TR ST Z ZlDlC c, C, (€.11)
J=1 L®(DxD;R)

Combining (C.3), (C.8), (C.10), and (C.11), the norm || f — f”||5 is estimated by

1

IIf- f||5—< Zlf(a,,u) ’(a,-,u,->|2)

&G G We ij w/fij
<y p{Cc,+Coc,\rc,c, e
=0 j=1 i=1 w w
k.. Kk, .
L Z, Z,
+p{(C+CIC, } " CulDIC, |- = = ]
¢ * llL=(bxD;R)
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which implies that we have

N Z 4. 1ls)

L dpyy dp .
<IN == L1
/20 =il |2 (ZH dyd,,, ) p{(C, +CC, Y C,C, €12)
€
x N i N Fey Illiepxpm) |
2(Zhigdrdrn) p{(Cu+ COC, ) CIDIC,
where Fc,i :={k:DXD-[-1,1] | kis Cp— Lipschitz} (see (vi) in Assumption 7.3).
By taking logarithmic functions in (C.12), we have
logN(e, 7 _y . II-lls)
L
€
S(dedf+1>{10gN - - J-1,10] -
#=0 2<Zf:o dfdf+]>p{(CW+Ck)Ca} CoCu
=1 H(e) (C.13)

13
+log N 7 i
2<2f=0dfdf+l)p{(cw+ck)cu} Calcha

Fep e oxpiry }

=:Hy(e)
By using Wainwright [111, Example 5.3] and Gottlieb et al. [44, Lemmas 2.1 and 4.2], we estimate H, and H,, respectively as
follows:

L L
2 (Zf:() dedpyy ) P {(Cw + Ck)ca} CCy
H, (¢e)<log|l+

E
(C.14)
I I d+1 L .
S<;v>5<;v> L for0O<e<2( Y dydsyy | p{(C,+COC,} C,Cp.
& & /=0
L L d
8C,diag(D X D) (Z L dfdm) p{(C,+COC, ) CIDIC,
H(e) < "
L L
16(Zf oy drdrir ) p{(C+ CIC,} € IDIC, €15)
X log
&
I d+1 L L
5(?‘) , forO<e<2( Y dedsy | p{(C,+COC,}" C,IDIC,,
=0

where we denoted by

L
I,:=2 <Z dfdf+1> p{(Cp+ Ck)Co-}L CCo:

£=0
< L
I, :=8max {Cydiag(D x D),2} <Z dfdﬂl) p{(Cyy+COC,} " C,IDIC,.
£=0
By employing (C.13), (C.14), and (C.15), we calculate

(o)

1
: L 7 %
/ (log N(e,.Z 4, lIllg)) 2 de < (Z dfdf+1) /(Hw(f) + Hk(E))%dg
a f:() o

=:(%)
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S ©
(%) < / Hw(s)% de + / Hw(s)%de
a a
2(Shydrdr )o{(CutCOC, Y ECLC

O

a

L L
2<2f=0dl’dt’+l)p{(cw+ck)czr} C,4|DIC, i

s 2
+ / <—k> de
€
dr1

a
d+l d+l 2 d-1
<\ +1.7 - la_T
d—
L 2 d-1

< ﬁ (max [2C,.8|D|C, max { Cydiag(D x D),2}] <Z dfdm) p{(C,+COC, " Ca> a7,

- =0

that is, we have by (i) of Assumption 7.3.

o)

1
/ (log N(e, 7y IIlg)) > de
a

d1

d+2 2 d-1
< ﬁ (max [2€,,..8]D|C, max { Cpdiag(D x D),2}| (LC2)d+1 p{(C,, + ck)cb.}L ca> a2

L J

=K
which implies that we conclude that with (C.2)
. 3K _d-L
mg(ﬁw)$4g§) a+—noc 2
| S—
=:K'
nE\ T A= CE)) 1
d— 1K’ d+1 d—1DK'"\ d+1 a+2 arl
=4 (—( 2) > +K’<—( 2) ) =yLd {(Cw+Ck)Cg}L(%)‘”'

where y is the positive constant defined by

N 2 o _d-1 2
4 <d_1>a’+1+<d_1> d+ < 12 >4i+1
vi=43| —— — -
2 2 d-1 (C.16)

2(d+2)
x max [2C,,, 8| D|C, max { Cydiag(D x D),2}| C,**' pC,. O

C.3. Proof of Theorem 8.5

Proof. The following argument is almost same with the proof of Theorem 8.4.
By employing Bartlett et al. [8, Lemma A.5] or Kakade and Tewari [59, Theorem 1.1], we have

o)
. 12 1
R(FH5) < (g{) 4o + ﬁ / (log N(e, T, ||.||S)) 2de (C.17)
In the following, we will estimate the covering number N (g, .%—, ||-||5)-

Let f =2(G(-),-) and f' =#(G(-),-) where G, € . By (i) of Assumption 8.2, we calculate

|£(a,u) = f'(a,w)] =|£(Ga),u) = £(G (@),w)| < p6(@) = G'@|| 2 pga) - (C.18)
Denoting by
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Gy i=(Zdqg+ X, fr)o(L, g+ X, 00K )0 - o(Zolg + X fo)o(Zolg + XgooKy),
G, = ZAg+ X, f))o(Zdg + X 00K )0 - o(Zolg + X f)o(Zolg + XgooKy),
the quantity ||G(a) — Q'(a)” 12Dy 18 evaluated by
IIG(a) - g,(a)”LZ(D;[R"u) = ||GL(a) - g’L(a)”LZ(D;[RdLH)
=@ Lla + XL )o@ Mg+ X ook (G, 1 (@) = Zpla + X, f1)o(Zy g + X 00K )G, (@)

+(Z 1+ X, fr)o(Z; 14 +XL50KL)(QL (@) — (ZLId+XLfL)o(ZLId +XL60K )(QL 1(a))H

(C.19)
Assumption 7.4(i)(ii)(iv)
<@ +X CMHeMyz, +X,.C.C) |61 (a) - glL—l(a)”Lz(D;[RdL)
+ ((ZL +X;C,CXp ”fL -f1 op +(Zp+X Y eNHX, Ky - nlL”op) ”glL—l(a)”Lz(D;RdL) .
Here, we have employed the following estimation:
I/Lllop = IWLss0oW L pr—1)o -+ °‘7(WL,1)°f7(WL,o)||op <ci*icM. (C.20)
By the same argument in (C.19)—(C.20), we evaluate
IIQL—I (@) - g/L—l(a)”Lz(D;[RdL)
S@py + X CYPHCN Ly + X1 CCH |G 2@ = G @]l 2 popiir
+ ((ZL—I + X 1GCOX HfL—l - I o» (€21
+ (Lo + X Oy CIX Ky - n’L—l”op) ”g/L—Z(a)”LZ(D;[RdL—l)'
. i _ _ .
By repeatedly evaluating ”gf(a) - gf(a)HLZ(D;Rdnl) (Z=L,L-1,..,0), we obtain
||g(a) - g’(a)”LZ(D;Rdu)
L
<c, @, +x.cl+'ca, +X,c.0,)
£=0
L
Xf Xf ’
X — Nf =1 +— -K .
;)(ZK‘FXKCMA;J-HC;-W ” e T 2, +X,CC, “llop
L
<c,[l@ +x.ci*' ez, +X,6.C,) (€.22)
£=0
. — )
X, CM+lcM Xy /
2|7 M+l MZHW”'_ nllop ¥ 7, 7X,C _]Cf”o
=0 ¢ + X C C P 4 d ad ol P
I—J [ ST —

=:Cpr =:Crr

Combining (C.18), (C.22), (C.10), and (C.11), the norm || f — f”||5 is estimated by

17 =7l = <% 3 1/ @u) —f’(a,-,u,->|2>
i=1

w w
M dt’ m+1 dt’ m

<32 ¥ Sremenc

/
fmtj wf,m,ij

C, C

m=0 j=1 i=1 w
ak dk ’
£ &G kftj kf,ij

+ 313 pC,TL.C/IDIC, it ,
J=li=1 * * ||lL®(DxD;R)
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which implies that we have

N(e, F—,|I“lls)

w gk k
1 M d(’m+1 dfmd{’+l d/

L dgy
<ITITII IT IT11
£=0 j=1 m=0 j=1 i=1 j/=1i'=1

< A RIAN (€23

(er’ 0 Zmeo emi19emCo, f)”CaTLCw

XN

£

PR L (pxpiwy |-
2(25» Jdk. d Ckf)pCaTL|D|Ca

XN
£+17¢

By taking logarithmic functions in (C.23), we have

log N(g, =7, II-lls)

<Z Z df m+1d/'€md1);+ld/)

£=0m=0

x{logN £ J-110]
(2f—0 Teod il fmcwf>pCaTLCw (C.24)

=:H,(e)

&

(zf 0 f+l fckf

=:H(e)
By same arguments in (C.14) and (C.15) (using Wainwright [111, Example 5.3] and Gottlieb et al. [44, Lemma 4.2]), we can estimate

+log N M-llLe pxpir) }
)oCaTLIDIC,

J

H and H > respectively as follows:

7 d+1
flw(e)s<—“’> :
&
(C.25)
for0<e<2<z > ay, .d¥, w/>pCaTLCW,
=0 m=0
~ N\ d+1
- T,
H(e) < - ,
(C.26)
L
forO<5<2(Zd’;Hd;Ckf)pCaTleCa,
=0

where we denoted by

_2<ZZ fm+1 fm wf)pCaTLCw’

£=0m=0
L
I, :=8max {Cydiag(D x D),2} (2 d’;ﬂd’;ckf) pC,T,|D|C,.
=0

By employing (C.24), (C.25), and (C.26), we calculate
1

(o) . 3 (o] N _
/ (log N(e. 7. II-lls)) * d (Z demﬂd;f,,,dﬁﬂdf) / (H,(€) + Hy () de

p £=0m=0 p
L |
=:1(%)
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(*)S/ﬁw(g)%d5+/ﬁux(£)%d£

el
2
<A4

Td-1

<max [2C,,.8|D|C, max {Cydiag(D x D),2}] pMcjcaTL>

d+1

d+t i1
L 2 L 2 d-t
X Z wa + Z Ck,f a_T N
=0 =0

that is, we have

0

1 ~ _d-1
/(logN(e,ﬁlw,||~||S))2 de <Ka 7
[

where
d+1
L 4cIMIL? L RS
K :=d[i—1 max [2C,,, 8| D|C, max { Cydiag(D x D),2}] pMC;C, Ty | Y Cpp+Cy a7z
- =0

which implies that we conclude that with (C.17)

_d-1
2

" F—) <4i
ERS(?W)_4;§) o+ a

0'NE (e \E R
_ (d—l)K’ d+l+[?’ (d—l)K’ d+1 2
h 2 2

e L X CM+ch X L AL
=7L’i+1 <Z £~ w o + 14 H(Zf+XKCM1\}’[+1C;M)(Zf+XkaCO-) (%)dﬂ

A=

=z, + X0 M 2, + X, GG ) 7

where 7 is the positive constant defined by

2 1 2
Fim4 <J—1>ﬁ+<(i—1>‘ﬁ < 12 >T+1
2 2 d-1 (C.27)

d+2
x max [2C,,, 16| D|C, max { Cydiag(D x D),2}| (C;M)d+1 pC, [

C.4. Proof of Corollary 8.6

Proof. By using Assumption 7.3, we estimate for G € .4" and a € supp(y,),

||g(a)||L2(D;Rdu) = ”(WL +Kp)oo(Wy_1+Kp_j)o-ooc(W,+ KO)(‘J)”LZ(D;R%)
<(C, +CHctc,.

Then, by applying Lemma 8.3 as R = (C,, + C,)*+*! CLC,, and combining with Theorem 8.4, we conclude that the inequality (38). []
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C.5. Proof of Corollary 8.7

Proof. By using Assumption 7.4, we estimate for G € ¥ andae supp(U,),

||g(a)||L2(D;Rdu)
= ||(Z g + X, fp)o(Zplg + Xp00K )0 - o(Zply + X fo)o(Zoly + XOGOnO)(a)“LZ(D:Rd“)
L
<[z, +x.cl+'cya, + XLCkCG):| Co-
=0

Then, by applying Lemma 8.3 as R = [Hﬁzo(Zf +X,CMHIcMy7, +X,C, C,,)] C, and combining with Theorem 8.5, we conclude
that the inequality (39). [J

Appendix D. Remark for Sections 8.3, 8.4, 8.5

Remark D.1. In the implementation of NO, K, is projected into a finite-rank operator by the chosen basis. For clarity’s sake, let
assume K, : L%(D) - L%(D), i.e., domain and range are the same space, and L%(D) = L2(D;R). Let k, € L%(D x D) be the kernel
of K;, and let {¢;};cy be an orthonormal basis in L%(D),* so {#; ® ;}; jen is an orthonormal basis of L%(D x D), and thus
ko(x,9) =2, ko1 ke jic ;) ® @i (y), where ky ;i €R, ky i = (kp, ;(X) ® b )12(pxpy = (B> Kb )12(p)- By choosing N-modes (first

N basis), the kernel k, is approximated as k(fN)(x, y) = E/,ksN ke jic () ® ¢ (v), and so

N o
(N) 12 _ 2 2 _ 2
1 IILZ(DXD)—‘kZka,,kI s.kZ1|kf,,k| = 1K1, pep-
Jok= Jk=

Hence, the implementable®® kernel k(fN) satisfies (ii) Assumption 7.3, and the Rademacher Complexity for (36) is also an upper-
bound.

Remark D.2 (Summary of generalization error bounds).
(Bound for NO)
dn2 L
S L {(Cy + CC, Y- (%) T {(Cu+COC, ) %.
(Bound for sNO)

42 et oM L[] P M+l M+l L[ 20
SLE(ECHICNHC)E (1) (el ciHIc 2.
n g n
(Bound for (sNO + l)vl)
d+2 L
sei{a+clrieda e, (3)™ +{a+ e +C,C0} =
(Bound for (sNO + £l)v2)
1 L X CM+ch X L AL
— £ w - £ M+1 M 1\ d+1
<L + (1 +X,CMH My (1 +X,C,C,) (—)
(;;6 1+X,cM*tieM  1+X,CC, Q) crw N AV

L
+ [H(Zf+xfcu"{+lc{§4)(zf+xfckca)] \/@.
n

=0

Here, < implies that the left-hand side is bounded above by the right-hand side times a constant independent of » and L. Hence,
Remark 8.2 can be observed.

35 For FNO, the basis are the Fourier basis.
36 In a computer.
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Lemma D.1. Let Z, = 1 and X, be a Bernoulli RV with P{X, =1} =p,, and P{X, =0} =1 — p, for p, € [0, 1] in inequality (39). We
1

assume that p, = x;/Ld+1 where x, € [0,1] satisfies 5. x, < co. Then,

L L L
Ex[RHS of (39)] < £5(C) + <Z xf> [T +@cM +cc, + cli+ie e, (%) p
=1 =0

£=0

L
+ (,:H [1+(cM*HcM + ¢ C, +CMH i cMthx, | C, + Ru>\/%.

Here, < implies that the left-hand side is bounded above by the right-hand side times a constant independent of n and L.

We remark that the upper bound remain bounded as L tends to infinity because Y2 | x, < co and

o0
> <1 +(CM+IcM 4 ¢, +c{y+lckc;‘4+1)xf> <.
=1

As result, infinite products also remain bounded.

Proof. First, we evaluate that

. 1 L L Al
[RHS of (39)] < Lg(G) +47(CMH M 4 LT <2 xf> [H(l +X,CMH My + Xfckcﬁ)] (%)‘“‘
=1 =0

L

+ <p [H(l +X,CM*HcMy +Xfckc,,)] C,+ Ru> 2

n
=0

which implies that

L
~ L
Ex[RHS of (39)] S £5(0) + L+ ) Ey, [X,(1+X,CHM*CM)(1+X,C,C,)|
=1

L L
XExx, [H(l+Xf’C124+1C£4)(1+Xf’CkC6):| (%)M
710

L

25

+ (P[Ex [H(Zf +X,CMHICMYZ, +Xfckc,,)] C,+ Ru> -
=0

Since we have

Ex, [X,(1+X,CM*'CM)1+X,C,Cp)) =1 +CM* M + ¢c, + CMH o cMyp,,

and
Ex, [1+X,CY*'CM)(1+X,C.C| =1+ (C)*'cM +cC, +C) o cMhp,,
1
we conclude that by using p, = x, /L1,

E x[RHS of (39)]

~ 1 (& L i
S Lg(Q) + L+ <ZW> [T+@¥eM + e, + i o ey, (%) o
=1 =0

L
25
- (pH [1+(@CM+cM +c.c,+CMH e .cMp,| C, + R”> =

£=0

L L M+1 oM M+1o oM+l 1
A (CM+IcM  c C_+CcM+lc cM+l) _
Sﬁs(g)'f'(z'x/)H |:1+ w o k o’l w k~o X (l)d_“

£=1 £=0 Ld+1 "

L M+1 M M+1 M+1
(CM+IcM 4 ¢, Cc, + cM+ic, cM+!y
+<p||[1+ Y g Ko 7w Ko x| C, +R, —2: O

1
Ld+1
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FNO sFNO (sFNO + €l)vl (sFNO + eI)v2

Fig. E.20. Visualization of the training landscapes associated with FNO, sFNO, sFNO + €I v1 and sFNO + €I v2.

Appendix E. Experiments
E.1. Loss landscape visualization

We include here additional views of the training loss landscape of the considered architectures that were created using the method
discussed in Section 4.5. In particular, the images below offer a closer view of the landscape in the immediate vicinity of the found
minimizer, to allow for a better comparison. In addition, a color-based planar view of the landscapes is provided for a better view of
their respective topological features. (See Fig. E.20.)

E.2. Out-of-distribution

In this section, we present the wavefield reconstruction of the other families described in Section 5. The values of the parameters
are established in Table 5, and the relative test loss error is presented in Tables 6 to 11. In our analysis, we selected three realizations
from the previously trained neural networks. These networks were trained using a dataset at a frequency of 15 Hz and with the
parameters of the random field generating the wave speed set as 4 = (1, 1) and a wave speed range of [1500,5000]. Specifically, we
chose the first three networks documented in Fig. 7.

To test the performance of these networks on a different random field, we kept the smoothness coefficient constant and varied
the correlation range of the Whittle-Matérn field. The reconstructed wave fields are presented in Figs. E.21 to E.26. Please note that
the imaginary part of the wave field is also recovered, but it is not shown in the figures.

OOD 1 1In this set family, we keep the isotropic behavior of the original data, however we move the value to Aggp; = (0.20,0.20).
The range is kept in [1500, 5000]. We see that this scenario is the easier for the networks. However, FNO still struggles to capture the
correct wave propagation.

OOD 2 In this set family, we generate an anisotropic random field, different to the original trained data Angp, = (0.10,0.20),
however the range was kept similar than the original set.

OO0D 3 In this set family, we generate an isotropic random field, different to the original trained data 1ogp3 = (0.20,0.20), however
the range was moved to [2000, 3500].

OOD 4 In this set family, we generate an anisotropic random field, different to the original trained data Apgps = (0.10,0.20),
however the range was kept to [2000,3500] the same as the original set.

OO0D 5 In this set family, we generate an isotropic random field, different to the original trained data Aqops; = (0.10,0.30), however
the range was also moved to [2000, 6000] different than the original set.
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wavefield Re(p) (reference) (sFNO + el)vl (sFNO + e)v2

00D 1 ¢ (kms™1)

relative difference |pref — pNN

/P11y

(sFNO + &l)vl

wavefield Re(p) (reference) (SFNO + e)vl

00D 1 ¢ (kms™1)
k kT

AN
(sFNO + eD)vl

wavefield Re(p) (reference) ENO SFNO

(sFNO + el)vl

00D 1 ¢ (kms™1)

relative difference |pref - pNN\/HPrefﬂz

5] i
(SFNO + el)v2

(sFNO + &l)v1

Fig. E.21. Pressure field reconstructed at 15 Hz trained with isotropic Whittle-Matérn covariance A = (1,1), and wavespeed range of (1500,5000) Equation (15)
and tested with Table 6 Aygp; = (0.20,0.20), and wavespeed range of (1500,5000) with the different architectures for multiple realizations of the new GRF out-of
distribution, realizations of the wave speed. Left column shows independent GRF realization of the wave speed (see Equation (10)). Second column shows the real part
of the pressure field solution to the wave PDE at frequency 15 Hz, obtained with software hawen [35], which we consider as the reference solution, Other columns
show the approximated reconstructions using the different architectures. In each case, we show the real parts of the pressure fields, and the relative error with the
reference solution on a logarithmic scale.

OO0D 6 In this set family, we generate an anisotropic random field, significantly different to the original trained data Aggopg =
(0.25,0.75), however the range was moved to [2000,6000] different than the original set.

E.3. OOD of the velocity BP 2004
To assess the network’s ability to handle wave speed that are significantly different from the input distribution (particularly
those that deviate from Gaussian measures), we conducted additional tests using the trained networks on a scale version of the

velocity model known as the “2004-BP velocity benchmark” [12]. The source was positioned similarly to the previous experiments,
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Fig. E.22. Pressure field reconstructed at 15 Hz trained with isotropic Whittle-Matérn covariance A = (1,1), and wavespeed range of (1500,5000) Equation (15)
and tested with Table 7 Aggp, = (0.10,0.20), and wavespeed range of (1500,5000) with the different architectures for multiple realizations of the new GRF out-of
distribution, realizations of the wave speed. Left column shows independent GRF realization of the wave speed (see Equation (10)). Second column shows the real part
of the pressure field solution to the wave PDE at frequency 15 Hz, obtained with software hawen [35], which we consider as the reference solution, Other columns
show the approximated reconstructions using the different architectures. In each case, we show the real parts of the pressure fields, and the relative error with the
reference solution on a logarithmic scale.

maintaining a frequency of 15 Hz, while adjusting the wavespeed’s size to accommodate the capabilities of the GPU device. The
generated approximations by each network are visualized in Fig. E.27.

E.4. Experiments at7, 12 and 15 Hz

We consider two further datasets, lower frequency with a similar configuration as in Equation (12) at 12Hz, and an unrealistic
case with the source beneath the surface, at 7 Hz, but we increase the size of the domain.
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] r
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(SENO + e)v2
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2

00D 3 ¢ (kms™1)
—

H
\
i

: i < s L 1073
T b . .
(sENO + el)vl (sFNO + g)v2

Fig. E.23. Pressure field at 15 Hz trained with isotropic Whittle-Matérn covariance A = (1, 1), and wavespeed range of (1500, 5000) Equation (15) and tested with Table 9
Aoops = (0.20,0.20), and wavespeed range of (2000,3500) with the different architectures for multiple realizations of the new GRF out-of distribution, realizations of
the wave speed. Left column shows independent GRF realization of the wave speed (see Equation (10)). Second column shows the real part of the pressure field
solution to the wave PDE at frequency 15 Hz, obtained with software hawen [35], which we consider as the reference solution, Other columns show the approximated
reconstructions using the different architectures. In each case, we show the real parts of the pressure fields, and the relative error with the reference solution on a
logarithmic scale.

Remark E.1. Similarly as in Section 4 we deliberately avoid increasing the epochs of the training algorithm or the size of the training dataset
to compensate the network.

Experiments of 7 Hz (different configuration)
2D domain of size 3.81 x 3.81 km?
Experiment 7 Hz 40000 GRF wave speeds generated, imposing 1.5 kms™! <¢(x) <3 kms™! (E.1)

The data are p that solve Equation (8) at frequency w/(2x) = 7 Hz.
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Fig. E.24. Pressure field reconstructed trained with isotropic Whittle-Matérn covariance A = (1, 1), and wavespeed range of (1500,5000) Equation (15) and tested
with Table 9 Aggps = (0.10,0.20), and wavespeed range of (2000, 3500) with the different architectures for multiple realizations of the new GRF out-of distribution,
realizations of the wave speed. Left column shows independent GRF realization of the wave speed (see Equation (10)). Second column shows the real part of the
pressure field solution to the wave PDE at frequency 15 Hz, obtained with software hawen [35], which we consider as the reference solution, Other columns show the
approximated reconstructions using the different architectures. In each case, we show the real parts of the pressure fields, and the relative error with the reference
solution on a logarithmic scale.
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Fig. E.25. Pressure field reconstructed at 15 Hz trained with isotropic Whittle-Matérn covariance A = (1, 1), and wavespeed range of (1500,5000) Equation (15) and
tested with Table 10 Aggps = (0.10,0.30), and wavespeed range of (2000,6000) with the different architectures for multiple realizations of the new GRF out-of
distribution, realizations of the wave speed. Left column shows independent GRF realization of the wave speed (see Equation (10)). Second column shows the real part
of the pressure field solution to the wave PDE at frequency 15 Hz, obtained with software hawen [35], which we consider as the reference solution, Other columns
show the approximated reconstructions using the different architectures. In each case, we show the real parts of the pressure fields, and the relative error with the
reference solution on a logarithmic scale.
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Fig. E.26. Pressure field reconstructed at 15 Hz trained with isotropic Whittle—-Matérn covariance A = (1, 1), and wavespeed range of (1500,5000) Equation (15) and
tested with Table 11 Aggps = (0.25,0.75), and wavespeed range of (2000,6000) with the different architectures for multiple realizations of the new GRF out-of
distribution, realizations of the wave speed. Left column shows independent GRF realization of the wave speed (see Equation (10)). Second column shows the real part
of the pressure field solution to the wave PDE at frequency 15 Hz, obtained with software hawen [35], which we consider as the reference solution, Other columns
show the approximated reconstructions using the different architectures. In each case, we show the real parts of the pressure fields, and the relative error with the
reference solution on a logarithmic scale.
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Fig. E.27. BP 2004 [12]. Using the networks trained in row 1 of Table 3.

p (Pa)
0.1
51072
g from ¢ to ) 0
Y p solving v s 10
Equation (8)
—-0.1
(a) GRF realization of wave speed model (b) Real part of the pressure field at 7 Hz fre-
c quency.

Fig. E.28. Illustration of the full-wave dataset for Experiment 1 that considers a computational domain of size 3.81 x 3.81 km? with a source buried in the domain.

The wave speed and pressure field are represented on a Cartesian grid of size 128 X 128 with a grid step of 30 m. The complete dataset corresponds to 40000 couples
made up of a wave speed model and associated acoustic wave.

Helmholtz 7 Hz
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Fig. E.29. Comparison of test-loss for w/(27) = 7 Hz. Each architecture is trained 9 times, the relative L2-loss, |G — G**"™*||.. /|G" ||, , on the test set is shown in
the diagram.
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Fig. E.30. Pressure field reconstructed at frequency 7 Hz with the different architectures for three test-cases. First column shows independent GRF realization of the
wave speed (see Equation (10)). Second column shows the solution of the wave PDE obtained with software hawen [35], which we consider as the reference solution,
see Equation (10). Other columns show the approximated reconstruction using the different architectures: FNO, see Kovachki et al. [66]; sequential structure (sFNO,
see Section 2); and the solutions provided by sFNO + €I, Section 2. In each case, we show the real part of the pressure field, and the relative error with the reference

solution using a logarithmic scale.
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Fig. E.31. Comparison of test-loss for w/(27) = 12 Hz. Each architecture is trained 9 times, the relative L2-loss, [|G™" — G**P™ ||, /|G™ ||, , on the test set is shown in
the diagram.
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Fig. E.32. Pressure field reconstructed at frequency 12 Hz with the different architectures for two GRF realizations of the wave speed. Left column shows independent
GRF realization of the wave speed (see Equation (10)). Second column shows the real and imaginary parts of the pressure field solution to the wave PDE at frequency
12 Hz, obtained with software hawen [35], which we consider as the reference solution, see Equation (10). Other columns show the approximated reconstructions using
the different architectures: FNO, see Kovachki et al. [66]; sequential structure (sFNO, see Section 2); and the solutions provided by sFNO + €I, Section 2. In each case,
we show the real and imaginary parts of the pressure fields, and the relative error with the reference solution on a logarithmic scale.

Both the wave speeds and the pressure field solution are represented on a Cartesian grid of size 128 X 128 pixels, that is, using
a grid step of 30 m. We illustrate in Fig. E.28 a realization of the wave speed model and the corresponding pressure field. (See
Figs. E.29 and E.30.)

E.5. Experiments at 12 Hz

2D domain of size 1.27 x 1.27 km?
Experiment 2440000 GRF wave speeds generated, imposing 1.5 km s7! <e(x) <5 kms™! (E.2)
The data are p that solve Equation (8) at frequency w/(27z) = 12 Hz.
See Figs. E.31 and E.32.
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E.6. Wavefield reconstruction at 15H z

See Fig. E.33.
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Fig. E.33. Pressure field reconstructed at frequency 15 Hz with the different architectures for two GRF realizations of the wave speed. Left column shows independent
GREF realization of the wave speed (see Equation (10)). Second column shows the real and imaginary parts of the pressure field solution to the wave PDE at frequency
12 Hz, obtained with software hawen [35], which we consider as the reference solution, see Equation (10). Other columns show the approximated reconstructions using
the different architectures: FNO, see Kovachki et al. [66]; sequential structure (sFNO, see Section 2); and the solutions provided by sFNO + I, Section 2. In each case,
we show the real and imaginary parts of the pressure fields, and the relative error with the reference solution on a logarithmic scale.
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